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ABSTRACT

A small, toroidal, ferromagnetlc core whose B-HJ
characteristic 1= properly "rectangular' in shape may be made
to operate so that its flux polarity reverses only when the
rizht combinstion of two or three magnetizing colls are
coincidentally excited, The core may then be used &s a
coincident-current binary memory device which might be assembled,
with many others, into a two= or three-dimensional memory system,
Selection within such a system would be accomplished by means of

phyeical~line switching along the two or three space coordinates.

The response times of rectangular-loop cores are found
to vary over an extremely large range., To & first approximstion,
eddy-current shielding accounts for these response times, which
range from tenths of a second for some metallic cores to less

than a microsecond for some ferritic corss.

Information~retention ratios and signal ratios are
defined and are used to essess the ability of a core to operate
2s a coincident-current memory unit., A test setup which makes
it possibie to obtain these ratios for different sets of operating
conditicns is devised and used on a number of cores, Selected
results are presented and discussed relative to the pertinent

hysteresis<loop shapes,



The problem is bracketed on the one hand by a metalllc
core (Allegheny Iudlum?¥z MTS 4382) wiich has excellen‘l; signal
ratics and a 20-microseconds respense time, apd on the other hand,
by a ferritic core (Ferramic 34-& F109 b,0,) which has only fair

gignal ratics and = 1/2-microsecond response time,

Further development work should be aimed in two
directicons: toward improving materials to reduce eddy currents
and increase hysteresis-loop rectangularity, and toward uncovering
and solving the problems associated with assembling large numbers

of thesge cores intec a high-speed memory system.



CHAPTER 1
IFTRODUCTION

A, Background

Data egtorage is one of the functions in modern computers
control, and comminications systems. It is a major function in
electronic digital computers, whose designe have developed, tc a
gignificant degree, around the limitations and potentialities of

chosen storage media.

The storage medium now being incorporated into the
computer £t Project Whirlwind 1s & cathode-ray type of electrostatic
storage tube, The data are in the form of binary digits which are
stored as spots of electric charge on a plane dielectric surface
within the tube, A particular spot is ¥selected® by aiming the
cathode ray; two space coordinates in the form of vertical and
horizontal deflection voltages determine the positicn of the spot.
"Writing" or "reading" the spot 1s a second step accomplished by

bringing the tube elements up to the proper voltage levels and

turning on the cathode ray.

This type of tube uses only two space coordinates in the
selection step of the data storage process., The extension to three
cr more space coordinates would result in a reduction of both the
atorage medium bu.lkl and the nmumber of subdivisions along each

coordinate axis for a given storage capacity.

1. Superscripts refer to mumbered items in the bibliography.

7



Pogition along a coordinate axis is determiaed, in the
cathcde-ray type of storage tube, by the level of a deflection
voltazes A more discrete determination of coordinate position in
a storage medium would be obtainabdle by the selection of one of a
number of physical lines.

Research tovward development of a three-dimensional
gtorage scheme wherein discrete space-coordinates are used in the
gelection process was under way at Project Whirlwind early in 19l+7.2
One of the medla investigated was the low-pressure-gas glow-discharge

tube, It, however, proved infeasible for praectical reascns.

Work started agein in the spring of 1949, The development
of small ferromegnetic cores with rectangular hysteresis loops
reopened intsrest in the problem. It seemed possible that sultable
~ores could be assembled into a three-dimensional storage erray,
with a selection scheme involving three single-pole line-cswitching
mec.ha.nisms.l This thesis is part of that work; it is concerned

primarily with the individual core.

The following sections of this chapter explain the elements
of this three-dimensional storage scheme and indicate some of the
general requirements on the core. The detailed discussion of the

Individual core starts in Chapter II,

B. Basic Operetion of the Individual Core

Briefly, a small core mads of a "hard" magnetic material
nay be magnetized in one direction or the other, and left that way.

This bi-stabdbility, like that of a two-position relay, may be used



to express the two digits of the binary system, ZERO or ONE., A
number may be stored, or writtem, by sending e current pulse through
= magnetizing coil on the core. Reversing the polarity of this

current reverses the core's magnetization.

The binsry number in the core, represented by the corels
fluxz direction, may be sensed, or read, Ly observing the voltage
induced in a sensing coil when the magnetizing coil carries a
current pulse of fixed arbitrary polarity and magnetizing amplitude.
Relatively large sigznal voltages will be induced if the core flux
direction is reversed by the read pulse, small ones if it ie not.

This basic scheme is approximat:ly the one investigated by the

i

Computation Laboratory of Harvard Unlversity.

A core with a sufficiently rectangular hysteresis loop may
be used in the following scheme for utilizing line-switching aleng
space coordinates in the selection step of the storage process.
Figure 1(a) ie a schematic representati;n of such & core. Windings
A ond B are magnetizing, or selecting, coils; § is a sensing coil,
Assume that = hystercuils loop of the core is as shown in Figure 1(1v),
and that, at the start, the operating point is at the lower stable

position -BR.

The application ¢f a magnetizing force of amplitude HM/2
mogves the operating point to x, resulting in a2 very small change in
flux density B; return to H = 0, which occurs at the end of the HM/E

pulse, moves the operating point to -BN. a point not far removed

from -BR.



TOROIDAL -SHAPED CORE
OF RECTANGULAR - LOOP
FERROMAGNETIC MATERIAL.

(a) A TWO-CURRENT-COINCIDENCE MEMORY UNIT

Iy

(b) PATHS OF OPERATION OF A MAGNETIC MEMORY UNIT

FIG. 1



The result for the spplication and removal of the full HM
is quite different; the operating point moves to y, and them to +BR‘

The core reverses its magnetization upon application of H‘M; in the

process there is a large change of flux density B, with a correspondingly

large pulse lnduced in the signsl coil,

If the currents 11 and 13 are made equal and of such an
amplitude that they correspond to values of magnetizing force equal
to HM/2 each, then the magnetization of the core can be changed from
-3g to +BR only by the addition, or coincidence, of iA and :L_B. The
development of & relatively large signal pulse would, therefore,
depend on such coincldence. Reversing the current direction reverses
the procedurs.,

(It ie apparent that forms of noise and instability result
from the minor hysteresis loops travelled when magnetizing ferces
less than HM are applied and removed. These and other factors make
dezirable a very high degree of hysteresis-loop rectangularity an»d a
relatively high coercivity in the core material. Quasi-static
operation has been assumed; obviously, the freauency with which
operations may occur will be limited by losses, eddy-current shielding,

and other factors. Later chapters discuss some of theee problems in

detail.)

11
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One simple criterion for the shape of the B-H loop may be
derived from the idealized loop drawn in Figure 2, If the values of
H for which the loop turns s sharp corner into a new reglon are called
Hl and H, as shown, then coincident-current operation 1s assured when
the following hold truei

B, > E, (1)

<H (2,

1.

rol

These may be combined %o give the coincldent-current criterion:

28 > B, > Hp, (3)%e)
ZH, > H,. (3)

C. Two- and Three-Dimensional Storage

If now, for example, nine of these cores are arranged
in a two-dimensional array as in Figure 3, and currents of magnitude
IH/2 are caused to flow in selected lines y, and x; a8 shown, core F
is the only core in the array which has the full magnetizing force
H‘M impressed. Corea D, B, C and I have HM/Z impressed; the rest
have no impressed magreiizing force., The only core, therefore, whose
magnetization can be significantly affected is the one at the junction
of the selected lines, The output signel may be taken, after
sultable mixing, from the coils markeld 8 which are all comnnected in

COMmMOone
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AN IDEALIZATION OF A B-H LOOP

FIG. 2
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The extension to three dimensions may be accamplished by
stacking two-dimensional arrays, like the one of Figure 3, in back
of each other, with respective x and y lines connected in common.
In this arrangement the selection of lines X and T energizes a
vertical plane and a horizontal plane in the array as shown in
Pigure U,

This results in the selection of a line X Yy along waich
all cores have full magnetizing force impressed. The rest of the
cores in the x;, and y, planes have only half-magnetizing force
impressed; cores out of those planes have none.

All that is necessary now is to have a third set of
megnetizing (selecting) windings on the cores, connected together
in each z plane, and so wound, for each core, as to result in a
magnetising force equal to -Ey/2 for an applied current of -L,/2.
The application of -EH/Z to each z plane except, say, z,» will result
in magnetizing forces of only Bu/Z left on each core in the line
X, Yy except for the core at the junction of this line and the %

A
plane, core X Y 2p0 vhich 1s the selected core.

For the Whirlwind 1 computer, the z planes might well
represent the 16 digite of thc number on the number bus, while two
32-position switches control the x and y coordinates for selecting

the desired reglster (or word) from the 1024-register storage erray.

15
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D, Attack on the Problem

At the start, and during some of the earlier stages of the
work, 1t became apparemt that two ccurses of attack on the problenm
were possible. One involved‘-doing a great deal of detailed, rigorous
ressarch of a theoretical nature, and amassing experimental data on
some very limited portion of the problem. The other involved keeping
analysis and date~taking at a minimum, and consisted of a quick
development program designed to demonstrate the practicability of the

concept and to give a survey of avallable materials,

The decision made leaned, in general, in the lattier
direction. It was felt that a greater contribution to the art was
to be made by obtaining an early, though rough, assessment of the
potentialities of magnetic cores for use in this three-dimensional
storage scheme, Accordingly, the development of core-testing
equipment to fill these needs was pushed hard, as wae the obtaining
and processing of sample cores, Some time had to be spent on analysis
of the eddy-current shielding problem in order to proceed ilntelligently
with the cdevelopment work, and this wae done,

The development work culminated in the test operation of
two different cores which bracket the reesponse-time and informatione
retention parts of the problem very well., The results give a rather
drematic demonstration of the feasibility of the three-dimensional
magnetic-storage scheme, at least insofar as the individual units are

corncerned, and are considerea to justify the coursc¢ taeken.



CHAPTER II
CORE RESPONSE TIMES

A. Factors Governing Besponse Timee of Magnetic Materials

The magnetic state of a sample of ferromagnetic material
1g a function of time as measured from the start of some excitation.
Factors entering into the function include losses, aging and lika
phenomena, end eddy-current shielding.

Losses in the material, as well as in the driving
circuitry, affect the shape of a plet of applied magretl zing force
(He) versus time. A discussion of the response of a magnetic core
as indicated by megnetizing force (H) or flux density (B} at points
in the material may postulate a given He function and, consequently,
may sidestep the question of losses, This 1s done here. He is
applied as a "rectangular® pulse with a rise time less than 1/2
microgecond; for most of the materials tested thias may be connidered
a step function.

Longe and short-term aging phenomena, "residnel losses'.u
end dimensional z'em:u:r.az:u‘:eu5 are 1gnored. It 1p assumed that these
are rot firet order effects during the time interwyals used, and that
the magnetic moment at a poinf in a material responds immedlately to
a change 1n H at that point.6 Experimentel results indicate that
these are reasonahle assumptions for a first approximation to the

behavior of the cores tested,

18
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B. Zddy-Current Shielding in Thin Tape

When eddy-current shielding is the only significent factor
in the response time of a magnetic material, the formulas governing H
and B at pointe in the material, for a step~function of externally
epplied H, may be derived from Maxwell's Bquations. (See Appendix.)
If displacement currents may be disregarded and " gemi-infinite-plate”
geometry is assumed for the material (voth of which may be done for a

thin metallic tape or ribbon) one resultant set of formulas is:

é% - O 3_2_ = 0, where o 1s the conductivity (4)
dx

of the materlal;
B = f1(H). (5)

Wher B ig & multi-valued and non-linear function of H,
the éroblem of esolving the equations is beyond present-day techniques,
If the multi~-valuedness of the functions may be disregarded (as in the
case where half of one particular loop in the B-H plane is being
travelled) the solution 1s more easily accomplished, The single-valued
linsar case is discussed first, followed by the single-velued non-linesar
case,

Theoretical discussion is confined to the thin-taspe shape
because all of the presently useable metealllc cores are wound of
thin tape, the ferritic cores which have square or rectangular cross
sectione have extremeiy high resistivities and rather low

rermeabilities so that eddy currents are almost negligible in them,
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and finally, the qualitative concepts, which derive easily for thin

tape, hold in a general way for all shapes.

Je The Linear Case

When f(H), above, is not only single-valued tut also linear,
we may define a constant, called the permeability, m 2 B/H, and the

solution for H becomes (see Appendix for derivation):

oo I
5
§—=l-# E %sinz—"xe , for odd n, (6)
e n=1
T =T"%'”~ (n
) ¢

Where: a is the thickness of the ribbon, or tape; x is measured from

the surface of the tepe intc the materisl; He is the magnitude of the

applied step-function of H; the material was unmagnetized at the start.

Figure 5 shows H/He plotted versue /T for four values of X
It is interesting to mote that the curves leave the origin with zero

glope, with the trivial exception of the curve for x = 0,

In Figure 6, H/He is plotted versus x for variocus values
of t/T « 6ince we assume that the fiux density, B, is lineerly
proportisnal to H, these curves show the growth of IB/Be as a function

of time throughout the material. The flux, P, is proporticnal to
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fB dx, or the area under each curve, A plot of these areas versus

t/T 1is shown in Figure 7a; thie plot may also be arrived at by properly
welghting and summing the curves in Flgure 5. Note that near the origin
the effecta of the outside portions of the material (emall x values)
predominate, and the curve resches its maximum slope for extremely

small values of t/7T eo that, for all practical purposes, 1t may de
assumad to leave the origin with maximum {but finite) slope, The slope
1a plotted in Figure 7b; it 1s linearly proporticnal to dp/dt, sc that
it showe the shape of the voltage pulse, ey vhich appears across a
®#nsing coil wound on the core. The pulse has ite maximum amplitude at,

or very near, the origin and falls off from there on out. The pulse
amplitude 1s negligible by the time t = 77,

2. The Non-lLinear Case

Wher the function f£f{H), eg. (2), is single-valued but not

linesr, equations (4) and (5) combine to give:

2
d°H O#(R) _
;;E'T‘ai?)'"o' e

The function £(H) i1s commonly described by drawing the
pertinent portion of the pertinent hysteresis loop for the material,
Such 2 curve is shown in Fizure 8 for onme of the more satisfactory
experimental cores, It is obviously highly nop-linear and not easlly
described by any simple anslytical expression, This is unfortunate,

for equation ( 8) becomes ceparatle when f(H) is a reasonably simple
pover of H, such as 31/3.

23
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The problem, hovever, does 1end 1tself to a numerical analysis.

One was started using the difference equation.

At
= + { - +*
f(H)x. t+ At f(H)x.t - (Ax 2 ‘Hx"Ax,t zﬂx,t Hx-a:r..t>' (9)

which followe from equation {4) in a straightforward manner. The
function f(E) was approximated by three straight lines fitted to a

curve like that of Figure &, and calculations made on a desk
celculator. The work proved to be very tedious and time-consuming, and
vas abandoned before any conciusive results were reached. The problem
will be prepared, instead, for solution by the Whirlwind I computer,
and the results will be available shortly after this thesis 1s written.
The need for a quick and rough qualitative solution remained, and the

following approximations suggested themselves.

Assume that the material starts from a steady-state conditilon
at the point -Bp, and, for an applied magnetizing step function of
amplitude He' follows along an ideallzed path in the B-H plane as drawn
in Figure 9a. All of the materlal reaches the point Hl immediately and

then enters the high~permeability region. 8ince we are only interested

in flux changes, or the transient part of the solution, the problem may
be simplified slightly by changing the ini%lal conditions to H= B =0,
and considering that the path travelled is the one drawn in Figure 9b,
Referring now to Figure 6, it is assumed that the linear analysis applies,

approximately, to the portion of each curve that is to the righ¢ of the
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H «H
intersection of the curve and the saturation~line Bs = —gn——l. &ll of
e

the cross section above and to the left of that intersection 1s assumed
to te completely saturated. Since the incremental permeadility is very
mich higher (by a factor 105 in many practical cases) for the region
below the saturation line than for the region above, only the squares
below that line are counted as contributing toward the growth of the
flux, f. The maximum (eteady state) flux, ¢B. may be taken as the

totzl area under the saturation=line,

Also, the lack of any changing flux to the left of the curve
and saturation-line intersection means that the effective thicikmess, a,
of the materlal has been reduced, accordingly, to a . Since the square
of the thickness enters intc the quantity t/7 in the linear analysis,
cne approximation includes reducing the successive increments of t/7
by the factor (%)2. The resultant sets of curves ofﬁﬂ and K -g'% are
drawn in Figures 1C and 11, :

Further speculation on this spproximation brings up the point
that the effective thickness of the material is reduced by saturation
only insofar as contribution to the changing flux is concerned, btut not
insofar as the cross-sectional area available to the flow of eddy
currents ls concerned. This would seem to call for reducing successive
"rt' increments bty the factor (%) rather than by the square of that ratio,

The quantities %— and K %’% have been plotted for this second approximation
5

in Figures 12 and 13. As will be geen later in this chapter (see

Figures 17, 18, 20A, 20B) the shapes of the%—% curves, for either
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aporoximation, bear a fair resemblance to the output pulses obtained
experimentally.

Further theoretical judgement regarding the value and
validity of the approximations requires deeper analysis, particularly
the results of the numerical solutions as the computer will perform

ther,

Co ZIZxperimental Results and Comparisons

Experimentz]l determination of the static magnetic state

4y

of a core is not conveniently obtained. A dynamic plcture of the
changes cccurring in a cure 1s easily recorded, however, as a
family of curves showing the rate of change of flux.'%g , versus
time, t, for applied step functions of H at varying amplitudes, He'
These curves are, in fact, the voltage pulses induced in a winding
on the corz, and may be viewed on a cathode ray oscilloscope or
synchroscope. From such families, more particular pieces of data

may te extracted for plotting other curves; e.g., response times

(pulse lengths) versus H_ amplitudes.

He' incidentally, 1is taken to be the applied magnetomotive
force divided by the mean circumference of the toroidal core. The
ratic of outer to inner diameters was close enough to 1 to warrant the
assumption that steady=state He vas constant throughout each metallic core.
For cores with an extremely wide range of response times, and
where quantitative comparisons can be made between different thicknesses

of the same core materlal, the data is often presented in the form of
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curves of response times (pulse lengths) versus H, amplitudes. This i
true largely of the Deltamax cores. For same of the "faster" metallic
cores and the ferritic cores, families of pulse shapes are shown and
other data extracted where necessary.

Testing was done almost exclusively on cores which have

rectangular hysteresis loops,

1. Slow Metallic Cores

The tape-wound Deltamax cores, as supplied by Allegheny
Ludlum Steel Corp, or its subsidiary, Arnold Engineerlng Corp., are very
differential
slow cores, largely because of their phenomenally high maximum dnerementad
perneadility, Peie From Figure 1Y, Pdi® vhich is given by the slope of
the saturation hysteresis loop as it crosses the H axis, may be obtalned
as approximately 1.3 x 106 gansses/oersted. Using eq. (7), for 2-mil
thick tape, with a resistivity of about 35 x 10.8 ohm-meters, the
calculated value for one "time constant",”, is 1.2 milliseconds. From
Figure Tb, the time to the end of the %% pulse for the linear case
should bs about 77 = 8.4 milliseconds.

For the actual saturable material ( see Figure 14) the above
reasoning indicates that as the amplitude of the applied He approaches
He""‘ 0.075 oersted, the time, t, to the end of the output pulse should
approach 8 milliseconds. The curve drawn for the experimentally taken
data (see curve marked 2-mil Deltamax or. Figure 15) extrapolates to beyond
100 milliseconds for He = 0,075 ocersted. The correlation here is bad due

in part to unavoidable inaccuracies in the data, and the fact that
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interlaminar conduction may not be negligible on these early samples,
It 15 algo likely that assumptions mentioned in the third paragraph

of thils chapter are poorly fulfilled in many cases,

The fourth curve in Figure 15 is for a 2-mil Deltamax core
which was processed so as to raise its cecercive force, Hc' tc about
0.23 oersted. (See Figure 16)., It also has a lower maximum
diffcrential 6
permeability; py; =~ 0.7 x 107 gaussesfoersted, about half
that for regular Deltamax. As He-> Ezz 0.3 oersted, the response
time of thie core should approack about 4 milliseconds; it appears to
approach about 100 milliseconds, giving as bad a correlation with

linear theory as the other Deltamax cores above.

Correlation with the non-linear approximation of Figures 11
and 13, for HB/He = B.?/He = 0,1, is fair, The response times of the
three cores, expressed as t/T , where 7 is calculated from the physical
characteristics of each material using eq. (7), average to 0,18 for
the above HB/He ratio, The same pulees from Figures 11 and 13 end at
t/T values of 0,11 and 0,20 respectively. The correlation gets

poorer as 32/3,‘ gets smaller,

Belative comparisons made between the experimentally taken
curves of different cores yleld good results. According tc the linear
theory, 7 goes as the square of the tape thickness, For a given He'
therefore, the three regular Deltamax curves of Figure 15 shovld be

spaced from each other, along the t axis, by a factor of 22. or U,
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This does not hold well for the curves through most of the range shown,
but does begin to hold better as the curves come in toward H2, where
the B-H paths approach closer to linearity, For exsmple, at He = 0,2
cersted, t is about 10 milliseconds for the 2-mil curve and about 3.5
milligeconds for the l-mil curve. This factor of about 3 decreases to
less than 2 for higher He values, and appears to increase (pcesidly to

4) for lower Ke values,

The curve for core MTS LL50 may be compared with the 2-mil
curve for Deltamax by comparing response times, t, for small equal
increments of H above respective H2 values, The 2-mil Deltamax, for
He =K + 0,125 = 0,2 oersted has a t of 10 milliseconds; core MTS

Ll450, for H, =H, * 0,125 = 0,415 cersted has a t of about 5 milliseconds.

2
This factor of 2 is very close to the ratio of t.he).\di values for the
two materials. Once again, comparison involving linear theory is good
for low He velues, and poor for high ones where departure from
linearity is extreme,

Figures 17 and 18 are photographs of scope traces showing the

growth of output pulses as a function of He amplitudes for a 2-mil

Deltamax core and core MTS U450, There is some qualitative resemblance

between the shapes of the predicted pulses of Figures 11 and 13 and

these photographs,

39
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TWO FAMILIES OF OUTPUT PULSES(FOR VARIOUS
AMPLITUDES OF APPLIED Hg) FOR A 2-MIL
DELTAMAX CORE
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TWO FAMILIES OF QUTPUT PULSES
(FOR VARIOUS AMPLITUDES OF APPLIED
He) FOR CORE MTS 4450
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2. Fast Metalllc Cores

It is important to recall, at this point, that when a core
is used in the coincident-current scheme it is switched by magnetizing
forces which are always less than ZHI (see eq. 3, Chapter I). The
data in this sectlion extend appreciably beyond 231. but emphasis is

often 1laid on the regien up to that point,

The cores discuesed in the previous section are not sultable
for use as coincident-current memory units becanse their response
times, for He less then 231. are of the order of milliseconds. If
eddy-current shielding, as discussed, is the important time-consuming
effect, then the equivalent time constant, 77 , of the material 1s a
useful criterion and may be reduced, in a metallic core, by reducing
tape thickness, by increasing material resistivity, or by reducing
permeability. Unfortunately, it is not practically feasible at present
to reduce thicknesses to much below l-mil or to increase resistivitiss
very much above 50 or 100 microhm-cm in the rectangular-loop metallic
materiale, Cores are avallable, however, with substantially lower

diffevential . -
values of maximum laezsmendet permeability, Figure 19 chows e
Lighly-rectangular hysteresis loop, for core MIS }4382. who se maximum
di{dercatial 6
+aerementsd permeability is about 0.125 x 10 gausses/oersted. This

value is lower than tkat for Deltamax by a factor of about O.l.

¥hen the coincident-current limitetion, He < ZHl. is
max

considered it becomes apparent that core MTS 43C2 should be faster
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than a 1-mil Deltamax core by yet another factor when it is used in

the proposed scheme. From the hysteresis loop of Figure 19:
<
H = El ~ 2,3 oersteds,

B ~ H, ~ 1.6 oersteds, and

B /E, =~ 1.6/2.3 = 0.5,
max

Whereas, for Deltamax:

B /B, =~0.075/0.08 = 0,94,
max

A glance at the theoretical approximations to the growth of
flux with time for various values of E."/He (Pigures 10-13) indicates
that steady state is reached much sooner at lower values of Hslxe' A
very rough extrapolation on Figure 10 indicates that steady state is
reached at t/T < 0,6 for Hs/He = 0.5, whereas for Hs/He = 0,94 steady

state is probably not reached until t/T >§.

We would expect, therefore, that core MTS 4282 would be
about ten times as fast as l-mil Deltamax under linear conditione,
and perhaps one hundred times as fast when used under non-linear
conditions for He values in the wicinity of 2&1 per respective core,
From the experimental l-mil curve of FPigure 15, the response time
for H, = 0,08 cersted 1s of the order of tens of milliseconds. From
Figure 20, for He = 2.3 oergteds, the experimental response time for

core MTS 4382 ig about 0,7 milliseconds. The factor is of the order

of a hundred, as expected.
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Figure 21 shows photographs of a family of output pulses for
thlis cores There is good resemblance in general shape to the curves

of Figures 11 and 13,

All of the previous calculations and comparisorns have been
based on the assumption that a material travelled along its so-called
saturation hysteresis loop and that, therefore, the function, f(H),
was single-valued, and values of/.zdi could be talten from those loops
as shown in Pigure 14, 16, and 19, Becase of the need to maintain
singlemvaluedness when attempting to obtaln response-time correlations
betwean theory and experiment, most of the data was taken for a
naterial travelling along ite saturation loop. This was done by
epplying asymmetricel magnetizing forces as shown on the small sketches
on Figures 15 and 20, where Ha was kept constant at a value sufficlent
to saturate the core.

Actually, cores will not be worked on saturation loops in
the proposed scheme, and it is important to see how response times
change when symmetrical excitation is spplied and varied. Data takem
under these conditions for core MIS 4382 are plotted as the dashed line
in Figure 20, and are photographically illustrated in Figure 22. The
reduction in response times is very large. The same type of data was
taken for Deltamax corea, and is plotted separately in Figure 23,

Response times are lowered again, but not as drastically,

As 18 indicated by additional evidence in the next chapter,
the reduction is due largely to the reduction h)"ﬂi as inner loops

are travelled in the B-E plane. There is alsc some reduction in
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(@) g0 psec (e) 20 psec

FIG. 21
TWO FAMILIES OF ouTPUT PULSES (FOR FIVE He
AMPLITUDES) FOR CORE MTS 4382 UNDER ASYMMETRICAL
EXCITATION. NOTE RESEMBLANCE BETWEEN (D) AND
THEORETICAL APPROXIMATION 10 9%/41 N FIGURE 1.

20 psec
FIG. 22
A FAMILY OF ouTPUT PULSES (FOR FOUR He
AMPLITUDES) FOR CORE MTS 4382 UNDER SYMMETRICAL
EXCITATION. NOTE LARGE REDUCTION |N_RESPONSE
TIMES COMPARED WiTH ABOVE.
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retained flux density and in coercive-force values, which would alsc

act to reduce response times for fixed Be values,

Relative correlations of the above type exist between the
already-mentioned metallic cores and others tested. Two which fall
under thils section's classification are MTS 6L6Y and MTS L4370, both

prepared by Allegheny Ludlum Steel Corp.

3. Yerritic Cores

Cores made of the magnetic ferrites promise a major reduction
in response times, malnly due to their high resistivities, and
secondarily due to their low permeabilities, low saturation flux
dengities, and high coercivities.

The focllowing values indicate how different the characteristics
of ferritic cores may be from metallic ones. They are for Ferramic 3L-A
a product of the Gensral Ceramics and Steatite Corp., The comparison

is made against regular Deltamax and is quite extreme.

Material - Deltamax Ferramic 34-A
. di-f'FCfemhal 6
Max. 4tmerementel permeabllity, 1,3 x 10 about 103

Hdye €an sses/oersted

Coercive force, H_, oersteds 0.06 3.5

Saturation flux density, B_ 1.6 x 10u 1.3 x 10°
gaisses

Volume resistivity at room wader 10"’+ 109

temp.,f » ohm-cm
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Flgure 24a, below, le a photograph of scope traces showing
the output pulses from a small Ferramie 3U4-A ¥109 toroidal core with
a near-square cross-section of about 0.,2-inch on edge, The applied
He was asymmetrical, so that the pulses shown resulted from returning

along a path very close to the saturation loop.

Figure 24b shows the reduction in response times resulting

from symmetrical excitation, as discussed for metallic cores.

Figure 24c, when compared with Figure 2la, shows the
reduction in response times resulting from reducing the redial
thicimess of a Ferramic 34-A F109 tcroid to aboul % ite original
value.

In the three figures a very reduced range of regponse-time
values 1s evident. This reduction is largely due to the now finite
rise time of the He function; the no longer negligible rice time
effectively puts a lower limit on the response times of the ferritic
cores for He» Hz. The fact that the toroids have relatively large
radisl thicknesses also contributes to this effect, and reduces the

accuracy of any response-time correlations.

T™he resistivity of the Ferramic core 1s about 1013 times
that of Deltemax., It is sufficiently high so that macroscopic
eddy currents have been reduced to a neczligible value and response
times are of the same order of magnitude as the rise and fall times
of the He pulses and of the assoclated circuitry. It 15 also possitle
that displacement currents and residual losses are significant

limiting factors 1n this area,
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(a) FAMILY OF QUTPUT PULSES
(FOR THREE He AMPLITUDES)
FOR FERRAMIC 34-A F109
UNDER ASYMMETRICAL EXCI-
TATION.

(b) FAMILY OF OUTPUT PULSES
(FOR THREE He AMPLITUDES)
FOR FERRAMIC 34-A FI09
UNDER SYMMETRICAL EXCI-
TATION.

(c) FAMILY OF OUTPUT PULSES
(FOR FOUR Hg AMPLITUDES)
FOR FERRAMIC 34-A FI09, WITH
RADIAL THICKNESS HALVED, UN-

DER ASYMMETRICAL EXCITATION.

FIG. 24

o3



CHAPTER III
INFORMATION-RETENTION AND SIGNAL RATIOS

The operation of & magnetic core as described in Sectlcn B
of Chapter I raises special problems with respect to stability of
operation and what would commonly te called signsl-to-noise ratics.
In the first sectlion of this chapter, these problems are discussed,
and important ratios and criteria are set up and defined. There
follows a brief look at the test setup used for obtaining the
experimental results, These results, presented in the form of
photographs and nu.erical values, are then discussed and related to

hysteresis-loop shapes,

A, Definitions exrd Requirements

Much of the discussion below revolves around the
voltage output pulses from a core for different situations and
different core-information states. The measure of theseoutput
pulses may be taken as their areas, peak amplitudes, or amplitudes
at chosen points in time. Unless otherwise stated, the pulse areas
are taken to be the quantities under dlscussion. Folarities are
often disregarded; it is assumed that, in the final system, the
sensing device may be equally sensitive to signals of elther
polarity.

It
Reference chould be made to Figure X (Chapter I)

throughout this section.

he



l, Information Retention
This phrase is used to refer to the ability of a core
to maintain a flux direction end magnitude, representing a ZERQ
or a ONE, in the face of excitation by non-selecting (Hu/a) pulses.

b
Figure R shows how, after putting the core into state -Bp with a

full Hy pulss, a pulse of Ey/2 moves the core to e new state, -By.
Additional applications of Hy/2 pulses tend to run the state of the
core further up ;glong the B axis, disturbing the informatiorn in the
core, or, peria;e. destroying that information. An intuitive
inference to be drawn from Figure g is that distvrbance of the state
of a core is reduced when the portion of the B-H loop between

H= -HM/Z and H = 'Q'EM/Z approachee the horizontal, The degree to
which that portion of the loop is horizontal 1s one of the measures

of what 18 called loop rectangularity.

The state of a core 1s manifested by the size and shape
of the voltage pulse out of a sensing coil 1n response to the read
pulse of H, Change in amplitude or area of this output pulse as a

function of the number of intervening non-selecting (BM/-?) pul ses

is, then, an indication of the sensitivity of a core to di sturbance, -

If a ONE, as written by a—HM write-ONE pulse, is at
-Bp, and ZERO, as written by a )y write-ZERO pulse, is at +BR'
then reading may be accomplished by applylng a +HH read pulse, and
the result 1s a large output voltage puise for a ONE and a smell

output pulse for a ZERQ,

53
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Non-selecting read or write-ZERO pulees will tend to run a
ONE position up along the B axis thus reducing the response to a read
pulse later; they will not, however, significantly affect the ZERO
position. On the other hand, non-selecting write-ONE pulses will tend
to run a ZERD positicn down a2long the B axis thus increzsing the

response to & read pulse later; they will not, hovever, significantly

affect the ONE position,.

a, ONE-Retention

An "undisturbed OFE" is defined as the information
stete of a core after a ONE has been written and before any other
pulses of H have been applied. A "disturted ONE' is the state of a
core when a vTery large number of non~gelecting (EM/Z) read or write-
ZERD pulses have followed the write-ONK pulse,

The "ONB-retention ratic" 1s defined as the ratio of

output signals for the two cases:

Di sturbed ONE -
Undisturved ONE =

ONE-retentlon ratio, R.L

Rl approaches 1 in value for the ideal case and is

legs than 1 in practice.

b. ZERO-Retention

An "undisturbed ZERC" is defined as the information

state of a core after a ZERO has been ¥Written and before any cther

pulses of H have been applied, A "disturbed ZERO" is the state of



a core when a very large number of non-selecting (—EM/E) write-ONE
pul ses nave followed the write-ZERO pulss, The ZERO-retention ratio

ig defined as the ratio of output signals for the two cases:

Disturbed ZERO = ZERO-retention ratio, RO.
Undisturbed ZERO ~

It approaches 1 in value for the ideal case and is

greater than 1 in practice,

2, BSignal Batios

A number of signal ratios may be made from the ateve-
mentioned four basic quantities, The most meaningful one is the
"3 gturbed-signal ratio®, waich is defined as the ratio of output
gignals for a disturbed ONE and a disturbed ZERO, as follows:

Disturbed ONE
Disturbed ZERO ~

Disturbed-signal ratio, SD'

_Since disturbance generally reduces the output signal
from & core with a ONE, and raises the output slgnal from a core
with a ZERO, the SD ratio is a really critical criterilon of a
corels performance. SD approaches infinity in the ideal case,
and apprcaches or falls below 1 for the unsatisfactory case. In

practice it should be much greater than 1 if reasonable discrimination

between the binary digits is to be obtained.
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Another type of voltage output from a core occurs vhen
it receives a non-selecting (EM/E) pulee. This signal is, like
noise, undesirable; the word noise jg reserved, however, for signals
which are more commonly described by that name, such as those
resulting from inductive or capacitive pick up, etc, The first-
mentioned signals will be called non-selecting (abbrevieted X-S)
slgnals,.

Te largest N-3 slgnal from a core should occur in
response %0 the first non-gelecting (H.M/Z) pulse of & polarity which
tends to reduce the magnitude of the retained flux. If the core

holds a ONE thie would be a non-selecting read or write-ZERO pules
(+8,/2).,
The ratio of a disturbed-CNE signal to an N-S5 signal is

defined as follows:

Disturbed ONE = y o signal ratio, S
K.5 signal -

ns’

This ratio, like S,., &approaches infinity ideally, should

D!
be much greater than 1 for satisfactory operatlon, and is an

important criterion of coincident-current core performance.

The garden variety of nolse is not considered here; it
will be one of the major problems involved irn the development of

assemblies of theae cores into large-scale memories.
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B, Test Setup

A single-pulse, or push-tutton, type of arrangement was
first used in the experimental work, It wae abandoned in favor of
an automatic test setup which can put a repetitive pattern of H
pulses on a core to simulate, approximately, some of the conditions
under which the core might eperate in practice. Thls setup makes
it very easy to adjust the significant H amplitudes during operation
and to see and record the output pulees from a test core for different
operating modes,

Previous considerations lead directly to the pulse patterns
degired for the testing., These are shown in Figure 25, The sequence
of events for each mode of speraticn a, b, ¢, or &, mey be followed

)
with the ald of Figure X (Chapter I),

The bleck diagram of Figure 26 and the circuit schematic
for the Core-Testing Pulse Amplifier (Figure 27) show the equipment
arrangement and circuitry used to produce the above pulse patterns of

magnetizing force,

The setup is very flexible and is made up largely of blocks
of project test eqt.v.ipmc.an’t..7 Repetition rate may be varled by varying
the free-running frequency of the high-frequency multivibrator in the
MV Frequency Divider. All pulses are equal in duration; the duration
may be varied by adjusting the delay in time between the pulse into
end the pulse out of G & D (Gate and Delay) Unit 2. Pulse amplitudes
are adjusted by front panel controls on the Core-Testing Pulse

Amplifier. The modes of operaticn and the number of inserted non-

selecting pulses are determined by the condition of the two switches,
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SW 1 and SW 2, and the dividing ratic of HI= to LO-frequency pulses

out of the MY Frequency Divider, as detailed below.

With the sync input of the synchroscope connected to recelve
the gate output of G & D Unit 1, as shown, it sweeps once for every
pulse, regardless of operating mode. All output pulses start, therefore,
at the same point on the scope screen (a point determined by the delay
time of the pulse out of G & D Unit 1), and the viewed traces are
superimposed. Scope leads may be connected to the sensing coll on e
core for viewing output pulses, or across the 50/, 20 w, series
resistor which is common to the two magnetizing windings, for viewing
the current pulses,

To produce operating mode a (Figure 25), the MV Frequency
Divider (Figure 26) is adjusted to divide by 2, so tkat the repetition
rate for "LO" frequency pulses is half that for "HI"; mode b is
produced by dividing by any integer larger than 2. Opening switch
SW 2 and dividing by 2 results in mode c. Mode d may be obtained by
opering SV 1 and dividing by an integer greater than 2; the pattern
will, however, by upside down and must be interpreted that way unless
the trouble is taken to reverse either the magnetizing coil leads or
the scope leads as was done in obtaining some of the disturbed-zeroc

photographs of the next section.

C. Experimental Resgults

Few cores were found which could cperate successfully in
the coincident—current scheme. Of the metallic ones, core MTS L382

(first mentioned in the previous chapter) was the best on all counts,



1. Core MIS 4382

The test results for this core are summarized 1n the

photographs of Figure 28 and the table of Figure 29,

Figure 28 is worth a considerable amount of study. The
three columns of photographs are for three arbltrary values of HM;
the center column was taken with the magnitude of HM close to the
optimum value; the two side columns show the changes occurzing for
smaller arnd larger values. In the top row are shown the voltage
drops across the series resistor commeon to both magnetizing coils;
the scale is calibrated in cersteds since the voltage drop, muitiplied
by a known constant, gives the magnetizing force, H; these plctures,
although taken for mode b, indicate the magnitudes of Ey and Hyf2 for

the entire column,

The next four rows show the voltage pulses appeering on the
corels sensing coll as the core reacts tc the pulses of H,

Some jitter in the MV Frequency Divider between division by
2 and divisicn by 3 made it possible to see the undisturted-ONE output

trace and the once-disturbed-ONE output trace simultaneously. This is

labeled mode ab and is shown in the second row of the figure. The
three positive traces (starting with the largest one) represent outputs
from an undisturbed ONE, a once-disturbed ONE, and one non-selecting
read pulse, respactively, The negative trace resaults from the write-

ONE act.
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The third row shows mode b, The heavy center trace
results from a large number of consecutive non-selecting read pulses;
the finer trace just above it 1s from the very first of those. The
positive outside trace represeants the disturbed-ONE output, and the

negative trace, as before, is from the write-ONEZ act,

Row 4, mode ¢, shows only one trace for the undisturbed

Mode 4, row 5, shows three traces, The negative irace
represents the disturbed ZERO; the heavy positive trace results from
the non-selecting write-ONE pulses; the faint positive trace results

from the first one of the non-selecting write-CNE pulses,

The first table in Figure 29 shows approximate information-
retention and signal ratios as obtained from the photographs. The
results for columns 1 and 2 (HM 5 optimum) are most acceptable.
Increasing HH to the cptimum value results malnly in a reduced response
time and higher signal output levels., The increase to column 3
(Hﬁ > optimum) reduces the response time and raises output levels again,

but it also results in drastically reduced signal ratios, pariicularly SD'

Reference to the hysteresis loop (Figure 19) for this
core shows that the H/2 value (1.5 oersteds) of column 3 exceeds the
value (1.2 oersteds) of Figure 19, and is about squal to the Hc of

the material, In column 2, however, H.M/E ~1,2 £ H , giving

1'

satisfactory operation.
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Comparison of Figure 19 with the family of B-H characteristices
photographed ia Figure 30a shows that the core retains 1ts rectangulariiy
well as H excursions are reduced, until some point is reached below which
the loops collapse almost entirely. The predominant characterlstics of
the loop collapse are the large reductione in retained flux density, BR.
These reductions are greater, percentage-wise, than the concomitant
reductions in coercive force, Hc' Although the incremental permeabilities
decrease too, the overall effect is to maintaein a loop shape on which the
coincident-current criterion, H.M/.? < El holds until the loops begin to
collapse entirely. Also held well is the flatness of the near-horizontal

portions of the locps, thus retaining favorable N-S signal ratlos (Sna)'

2. Core Ferramic 34-A F109 (b.0.)

This is the best ferritic core tested and has reasonably
acceptable retention and signal ratios plus an extremely short response
time, It is, however, rather sensitive to the H’M amplitudes applied,
and allows less deviation from the optimum HM than does the metallic

core previously discussed,

Figure 31 has photographs of the magnetizing pulses and
the output pulses for the three important modes of operation. Scope
leads were reversed when taking the photos of the H pulees and the
mode & output pulses, so that all pertinent traces appear as positive

ones. Otherwise interpretation is the same as for Flgure 28,
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The remiltant important ratios are tabulated in Figure 29
next to those for core MTS 4382, The ferritic core has a resporse
time about one-fortieth that for the metaliic core, but it.has
appreciably poorer retention and signal_ratios.

The response time improvement is largely due to the
terrific reduction in eddy currents, The relatively poor signal
ratios are due largely to a lower degree »f hysteresis-loop
rectangularity; a copy of a hysteresis loop for Ferramic 34-4 is shown
in Figure 300,

Both the response-time values and the signal ratios at an

optimum point in time could probably be improved somewhat by

decreasing the rise times of the pulses of H,

3.  Ferroxcube IV

An interesting demonstration of the effect of different
degrees of hysteresis-loop rectangularity Wpon a corels performance
may be had by rigeing a negatively magnetostrictive core with a
compression drawstrap and checking 1ts performance, and its B-H

characteristics, under varying degrees of compression.

This was done with a toroidal sample of Ferroxcube IV as
supplied by the North American Philips Co, The photographs of
Figure 32 ghow that core's performance when under a good amount of
compression and when under none, The emergence of a fair degree of
loop rectangularity under core compression may be seen in the upper

two photographs,
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Along with the appearance of 100p rectengularity under
compression is the adility of the core to perform, with reasonavle
retention and signal ratios, in the coincident—current scheme. The
core, when under no compression, has completely unacceptable ratios,

as shown in the second column of the figure,

The response time of the core increases by a factor of
about 10 when under compression. This is very roughly equal to the
increase in the maximum incremental permeability'(pmi) with
compression, as approximated from the middle loops of the two B-H
chaeracteristics shown., This is further evidence in support of some

of the discussion in the preceding chapter.

Life-size photographs of the cores are displayed on the
next two pages. Figure 33 shows plctures of the following:
core MTS ﬁ450, cased and wound (top left); a smali-size,cased, sample
core which has characteristics like MTS U382 (top center); the
Perroxcube IV core with compression drawstrap and windings (top right);
a regular Deltamax core, cased and wound (bottom left); a l-mil
Deltamax core out of its case (bottom right). Figure 34 ghows cores
MTS 4382 (left) and Ferramic 34-A F109 (b.o.) (right). Both cores
are wound and mounted on a male plug of the Core-Testing Pulse

Amplifier as used during the tests,
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CHAPTER IV

CONCLUSION

The preceding two chapters have dwelt on two phases of the
problem of operating magnetic cores in a coincldent-current memory
scheme which would be adaptable to a line-switching type of selection

along two or three space coordinates,

A, RBesponse Times

The best response times presently attainable run to ebout
20 microseconds for metallic cores and about 1/2 microsecond for
ferritic cores. The latter time is more than low enough by the high~
speed-memory standarde of Whirlwind I. Some decrease in response
times is possidble if the radial thickness of the ferritic toroids
is reduced; further improvement may be attalnable by changing

material characteristics such as the volume resistivity.

The 20-microseconds response time of the best metalllc
core is too great for high-speed memory application in whirlwind I,
but is probably reasonable for intermediate applications and for
slower compukters., Very significant decreases in this core's resoonse
time are possibdle by reducing tape thickness (ihe Allegheny Ludlum
Steel Corp. is working toward 1/U-mil tape - this should reduce
response tlmes to well belew 5 microseconds), lncreasing material

resistivity, and reducing the retained flux density.
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B. Signal Ratios

Core MTS 4382 has probably as good a set of information-
retention and signal ratios as will be needed in a coinclident-current
scheme which involves no more than three currents, The area ratiss
are extremely good, and the optimum~-point-in-time ratios are
practically perfect. These are all the result of a B-H characteristic
which combines sharp cornerse, abrupt saturatior, and the fact that Hl
and HZ are close to each cther yet relatively far from the origin, =

that it is easy to fini an HM which fulfills the criterion,

2E1 > Eﬁ > H2.

C. Core B-H Characteristics

The operation of a core as a coincident-current memory
unit reoquires a high degree of hysteresis loop rectangularity. It
also requires that the hystereeils loops of the core collapse toward
the origin, for decreasing excursions of B, in a certzin way.

Future data on magnetic cores for this type of application should be

in the form of familles of B-H curves, or hysteresis loops, taken for
symmetrical excitaticn values which range from zerc tc neer saturatien,
with empbasie on the regicn about Hc. A family of such curves,
supplemerted by physical data regarding dimensicns, resistivity,

Curie temperature, etc., will convey about all the informatiorn

needed in order to assess the core’s suitabdility. There is cuite =
resemvlance between such data and more commonly seen vacuum-tube

data,



D. Miscellanecus Considerations

There are some phasee of the problem which have Deen
cmitted or only lightly menticned so far,

One of these is the fact thet reeding the ccrels information
is tre same as writing a zero into 1t. Tke core, in otker words, ie
cleared upon being real., This ie rot a major impediment to the schenme's
usefulness in a large-scale computer; it is not too difficul: to re-
write information extracted frecm & memory register. Thought should be
ziven, however, to meens of circumverting this protler.

The energyr irreversibly put into a core during tnhe switcrning
procese is cuite significant. The required power may De a prodlem to
supply and to disslpate 2s heat from the cores.

The averege power into core HTS L382 during the 20 zicroseconds
switching time is of the order of 10 watte. II the core is operated
at a 50% duty cycle (a reversal every 4O microseconds) it has to
discsipate abcut 5 watts without experiencing a dangerocus temperature
rise. Sirce this core is fairly large (see Figure 3&) and has a high
Curie temperature, it can probably operate under these conditions fairly
well, and tre problem may ornly be that of removing the combined heat
generated in an assemdly of such cores, Under the same duty cycle of
50% (a reversal every microsecond) core Ferramic 3l4-A F103 (boo.) may
have to dissipate about 10 watts. This core is already rather small,
and i1t has a relatively low Curie temverature (280°C). Unless epeclal
precauticns are takern, this core's temperature may rise, during operation,

to a point where its hysteresis-loop chape is adversely affecteds.
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The energy into the core is in the form of a current pulse
against the induced back e.m.f. FProductiorn of the proper current
pulses for a large number of cores may be a serious problem, particularly
if the current magnitudes are kept high in order to reduce the number of

turns neecded on each magnetizing or selecting wirding.

The signal-ratioc problem may be acute in a large ascembly
of cores. Whether undesired signels (K-S signals and 2ERC's) will
add or cancel each other will depend on the sensing circuit arrangemerts.
The timing of the selecting pulses also enters intc vhether or not N=3

geignals become objectionabdle,

There is a large, thin, spike at the beginning of each
output pulece from those cores which have response times longer thar
about 5 microseconds. This splke may also be seen as the start of
each K g% pulee on the thecreticel approximations of Flguree 11 ard 13,
where the H pulses are consicered to be step functions. Where E pulses
have rise times which are negliglble fractions of the core response
time, the spikes appear. It is obvicus, then, that the actuzl shape
of these magnetizing pulses is a critical factor which needs to be

determined for each situation; and the splkes msy be reduced, a2

degired, at the expense of some slight increases in response times,

Inductive plckup may become a real headache and the proper
use of unilateral impedance elemente, careful reletive placement of

cores, and other precautions may be necessary,
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Thege and other miscellansous considerations require
further study and experiment, Particularly needed is the
experimental operation of a few cores in a two-dimensional pilot
assembly. This work will begin at Project Whirlwind in the neer

future.
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DERIVATION: H inside a thin ribbon as a function of x and t.

2
1 Thin ribvon of
y an —p Y thickness a, infinite
/a /r / in z directions,
/ ¥ gemi-infinite® in y
directions; conductivity

|

I

| o; step function of H,
! of amplitude H,, applied
at t =0; B=H =0 at
t =0(-).

v *=_QB =1 af)
x B It '’ VxH 1+ 3t

Due to the assumed geometry, and disregarding dieplacement
currentsd

R T RET I T
leaving:

o8 J3B JH

—1 = - _z. --.—z = -

Sx ry and 33 1y.
Substituting I‘J = é‘-_‘*
gives:

a1 JB dH

£ = cr—' and —2 = . 1.

X t dx y
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Differentiating the second equation w/r to x, manipulating,
combining, and dropping gubscripts results ini

2
O“H 3B _
—_— - (ra—t = 0 (1)

d x°

When B 48 a single~valued, linear, function of H, we may
define a constant, called the permeability, as?

T
1]
il

in which case eq. 1 becomes:

2
i‘%-vuaa—g=0 (2)
ox

The solution for this equation follows a similar one that
starts on page 189 of referecce 8.

Boundarv and initial conditions are?
H(Oot) = H(aot) = He= H(x’o) = Qe
Say that:

3 =Hy + By = Steady state sol'n + translent sol'n.
Hs satisfies one particular sol'n of eq. 2:



o find the transient part of the sol'n we set up nev
boundary conditions:

: (0,t) = B(0,¢t) - By = H_ =~ H_ =0, (3)

1 (a,t) = H(a,t) - Hy = H = E_ = 0o (4)

Arother particular sol'n of eq. 2 1is:
2

- bt
o
H = (¢, sin dx + ¢, cos bx) e g (5)
Substituting eqe 3 into eq. 53
¥
Hp (0,t) = (cz 5120 + o) cos 0) e B oo
o.. ¢4 = o' m
_ b2t
o
HT = cq sin bx e W (6)
Substituting eqe 4 into eg. 6:
%
- (a,t)-cs gindae °* =0
S sinba=0, and b =&,
80 that:
%) _ nzﬂzt
Hp = Z ¢, sin Q‘Ex 00'32“' &))
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New initial conditioms are:

Ay (x,0) = H (x,0) = Ig =0 =-EH =-H_,

Substituting these into eq. 7:

oo
z on _ _ _
HT (X.O) = cn sin a x = EQ'
n=20
2H 4 H,
% cn = - —;; (1 - c08 nﬂ) = - mm for odd n.
So that:
o 2 2
4 H - L"“ :
HT = = & sin LeS e 2 o u (8)
n-3 4om a
And:
e -
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