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Preface
NOWADAYS, in the field of digital circuitry, there is a great
variety of elementary but challenging problems, which are suit
able for students to tackle, and which introduce them to most
of the basic ideas involved in the construction of computers, cod
ers, pulse communication systems, instrumentation, automation
and so on. This book is intended to help students, and others
beginning in thisfield,to design, construct and interconnect digi
tal or switching circuits and so begin to accumulate the experi
ence which is still needed in large measure in order to construct
the large and relatively complex digital systems manufactured
today.
In order to keep the book short and yet sufficiently detailed
to be useful I have selected for description what I believe to be the
most generally useful and successful circuits and have described
a reasonably straightforward design procedure for sequential
circuits. Refinements of both are known to exist and are referred
to at the appropriate places in the book. The circuits as they
stand are, however, reliable and versatile and can be used to con
struct a wide variety of useful electronic equipment.
There are two parts to the book. The first is concerned with
how to generate the kinds of waveforms needed in digital cir
cuits, principally square waves, ramps and delays. The second
half is concerned with gates andflip-flopsand how to intercon
nect them in order to achieve a variety of logical or sequential
functions. Several methods of achieving a particular logical func
tion are described and contrasted. It is not necessary to read the
first part of the book in order to understand the second.
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The design of sequential circuits is dealt with in Chapters 6 and
7. The subject is first introduced in Chapter 6 by means of an
example and the procedures used are then examined in more
detail and in greater generality in Chapter 7. However, the reader
may find it helpful to return to Chapter 6 again after reading
Chapter 7 in order better to understand the procedures involved.
In this way it is hoped that the rather numerous but quite simple
detailed considerations which comprise sequential circuit design
have been described in a reasonably condensed form.
J. J. S.

Principal Symbols Used
α^, α7
Normal, inverse common base current gains
β
Common emitter current gain (δΙ0/δΙΒ with VCE constant)
ßs
On-demand current gain (see p. 18)
r c , τ8
Collector time factor, saturation time factor
φ
Built-in potential difference in a pn junction
Collector, emitter transition region capacitance
cUi cte
fT = ωτ/2π
Current gain-bandwidth product
k
Boltzmann's constant = 1·38Χ10~ 2 3 J/K°
q
Electronic charge = 1 · 6 χ 1 0 " 1 9 C
re
Emitter junction slope resistance kT/qIE
rE
Linearized, large signal, junction resistance
h* */» tr, t*
Delay time, fall time, rise time, saturation time
Av
Voltage gain
Cc
Large signal (linearized) collector capacitance
ICBO> Isx, I EX, etc. Cut-off currents (see pp. 9, 10)
Λ?(ΟΝ), /c<0N)
D.C., peak transient values of I0 of a conducting transistor
h, IB, IO
Emitter, base, collector currents (d.c.)
QB, QBS
Active base charge, saturation base charge
ÖON, OOFF
Total charge required to turn on, turn off a transistor
Qvc, QVE, QVD
Charge associated with reverse biased junctions —collec
tor, emitter, both collector and emitter
T
Temperature in °K
VE, VBt Vc in cir- The potential of the emitter, base, collector with respect
cuits
to earth
VEi Vc in Ebers- The emitter, collector junction voltages, (forward bias
Moll equations positive)
VXT
The potential of X with respect to Y

CHAPTER 1

Properties of Transistors
THE depth of understanding of transistor action needed for cir
cuit design varies very much with the type of circuit and kind of
problem being considered. At its simplest the transistor can be
thought of as just a current amplifying device, and for many
circuit design problems this is quite adequate. But if, for example,
it is necessary to calculate how much delay there is between a
change in input current and the proportional change in output
current a much more detailed understanding is needed. In this
chapter the properties of transistors which are necessary for the
thorough design of quite straightforward circuits are summar
ized for use later in the book.

A Brief Physical Description of Transistors
A transistor comprises two pn junctions placed close enough
together in a single crystal of semiconductor for the currents
through each to be influenced by the bias applied to the other.
The current from one junction to the other is carried by minor
ity carriers which diffuse across the base region between the
junctions if the region is homogeneous. If the base region has
a graded density of impurities the carriers are helped across by
an electric field built into the structure of the device.
The magnitude of the current depends upon the densities of the
minority carriers at the two ends of the base region, and these
3
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carrier densities are determined by the voltages applied to the
junctions. With no bias applied the minority carrier density is
everywhere its equilibrium value. Next to di forward biased junc
tion (i.e. p region biased positively with respect to the n region)
the density of minority carriers is increased, and next to a reverse
biased junction the density is decreased. If in a pnp transistor, p^
is the equilibrium hole density in the base region* and pnl is the
hole density next to the emitter when it is biased, it can be shown
that(2)
PmlPno = e·"*/«"
(1.1)
where VE is the voltage across the emitter junction and where
q\kT is the electronic charge divided by Boltzmann's constant
and the absolute temperature. When T = 300°K kT/q ^ 25 mV.
Thus when the emitter is forward biased (VE positive) the hole
density is increased so that pnl > p^. If VE is negative pnl < p^.
A similar equation with Vc replacing VE applies to the densi
ties next to the collector junction.
In Fig. 1.1 are diagrams of various operating conditions of a
pnp transistor. It is assumed that the transistor has a homogeneous
base region (so that there is no electric field and the minority
carriers diffuse across the base region) and that therefore the
emitter-collector current through the base is proportional to the
minority carrier gradient.
In (a) the emitter junction is forward biased so that the hole
density next to the emitter is high. The collector junction is reverse
biased so the hole density next to the collector is low. Thus holes
diffuse from emitter to collector. This is the normal Active
Region of Operation of the transistor.
In (b) the emitter is reverse biased and the collector forward
biased. Now the carrier density gradient is in the opposite direc
tion and the holes flow from collector to emitter. This is the
t Letters p, n stand for hole, electron densities. Subscripts /?, n indicate
p-type, «-type regions occupied by the holes or electrons. Subscripts 0 or
1 indicate equilibrium or biased conditions.
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Inverse Active Region of Operation. It is not often used but has
some important properties. Its principal importance here is to
emphasize that a transistor, unlike a vacuum tube, can operate
either way round.
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FIG. 1.1. Base region, minority carrier density distributions and the
corresponding terminal currents (with relative magnitudes indicated)
for (a) active legion of operation; (b) inverse active region of opera
tion; (c) saturation region of operation; (d) cut-off region of ope
ration.

In (c) both junctions are forward biased, but since the emitter
has a larger forward bias (the carrier density next to the emitter
is larger than that next to the collector) the current flows down
the gradient from emitter to collector. This is the Saturation Re
gion of Operation and is very important in switching circuits.
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Nötice particularly that a forward bias voltage on both junctions
does not result in a forward current through both junctions; the
current through the collector junction is still a reverse current
despite its forward bias voltage. The voltage applied to a junction
only determines the minority carrier density near it; that is, it
does not wholly determine the carrier gradient upon which the
current depends. It takes two densities to make a density grad
ient, one is fixed by the emitter bias, the other by the collector.
In (d) both junctions are reverse biased and the transistor is in
the Cut-off Region of Operation. The carrier density is everywhere
reduced well below its equilibrium value, the gradients are small
and if it were not for the thermal generation of carriers, negligible
current would flow. In practice, however, the small currents
which do flow as a result of thermal generation cannot always
be neglected.
The d.c. Equations of a Transistor
The interdependence of the terminal currents and voltages of
all the above four regions of operation can be summarized in
three important equations.
In any isolated/?« junction, it is a consequence of the dependence
of minority carrier density on junction voltage that in the steady
state the current / through the junction is related to the voltage
V across it by the equation :
I=Is(&vlkT-\\
(1.2)
where Is is a temperature sensitive parameter of the junction.
(Actually it is the rate at which minority carriers are generated
thermally within the device.)
In a transistor this diode equation for each junction is modified
by the presence of the other pn junction. Thus considering col
lector and emitter currents separately,
Ic = W e ^ ' * r - 1) -*NIE

(1.3)
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and
h = W e · ^ - 1 ) - a7/c,

(1.4)

where Kß, Kc denote the junction bias voltages, where <zN is the
proportion of the emitter current which reaches the collector, and
<%/ is the proportion of the collector current which reaches the
emitter. IEB0 and ICB0 are the transistor parameters which cor
respond to Is of the diodes. The subscripts are explained shortly.
It can also be shown(1»2) that as a consequence of the inter
dependence of the two junctions, ocN and a7 are related by the
equation
<*N!EBO — U-IICBQ-

(1·5)

These three equations are known as the Ebers-Moll(1) equations.
In order to preserve the symmetry and generality of these
equations a rather special sign convention is used in which
(1) All currents flow into the transistor (IE+IB+IC = 0)·
(2) Forward bias voltages are positive; thus the subscript
simply names the junction across which the voltage ap
pears.
(3) α^ and a7 are positive numbers.
(4) ICB0 and IEB0 are positive for pnp transistors and negative
for npn transistors.
It is convention (2) which can cause difficulty when the equa
tions are related to practical circuits. "Forward bias" always
means that the p region is positive with respect to the n region.
This means that, for example, for VE to be positive in the equation,
a positive voltage, with respect to the base, must be applied to the
emitter of a pnp transistor, but a negative voltage, with respect
to the base, must be applied to the emitter of an npn transistor.
That is, if VE is positive VEB is positive for a pnp transistor but
negative for an npn one.
It is worth noting that these special conventions coincide with
the more usual ones (in which currents and voltages are positive
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if standard meters measure them to be so) for pnp transistors.
That is, VE = VEB and Vc = VCB?
Some Particular Solutions of the d.c. Transistor Equations
The Ebers-Moll equations are rather cumbersome for contin
ual use so it is worth deriving from them some frequently needed
results.
The Active Region of Operation
With the emitter forward biased and the collector reverse
biased VE is positive and Vc is negative. If Vc is more nega
tive than -0-1 volt, exp (qVc/kT)<z 1 (since q/kT^ 39 volts"1).
Thus VE can be eliminated between eqns. (1.3) and (1.4) yielding
— Ic = <X>NIE+ICBO>

(1.6)

Or, since for these equations IE+IC+IB = 0
r

_

*N

j

ICBQ

n

ηΛ

The more usual or "natural" sign conventions for currents are
closer to the physical behaviour of the device under normal oper
ating conditions. They specify that
(1) the emitter current flows into the transistor and divides to
flow out through collector and base, so that IE = IC+IB;
(2) ICBQ is the same sign as Ic.
Equations (1.6) and (1.7) can be written in terms of the natural
conventions by changing the signs of Ic and IB. Thus for any
tit is often simplest to perform calculations assuming the transistor being
considered is a pnp one (even if it is not) and changing the signs at the end
of the calculation, rather than try to get the conventions right in the calcu
lations on npn transistors. This is true even though in nearly all the circuits
considered later npn transistors are used.
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transistor,
(1.8)

Jc — <X>NIE + ICBO

Ic =

Ì-CX.N

l-*N

(1.9)

In addition it is common practice to use a single parameter /?,
often called the common emitter current gain, instead of aN/
(1— aN).* Making this substitution in eqn. (1.9) yields
Ic = ßh+iß+WcBo.
(1.10)
Equations (1.8) and (1.10) are the forms of Active Region d.c.
equations which will be used in this book. (Note that when
Vc= VCB = Q eqn. (1.10) reduces to Ic = ßIB. Thus when the
collector is shorted to the base ICB0 = 0 but Ic can still flow if

h * 0.)

The Cut-off Region of Operation
The terminal currents when one junction is reverse biased and
the other is either reverse biased, unbiased or only slightly for
ward biased are all classed as cut-off currents. To distinguish
them they are given letter symbols involving three capital letter
subscripts.
The first subscript indicates the terminal to which a meter to
measure the current should be connected.
The second subscript indicates the terminal to which the other
side of the meter should be connected, via a reverse biasing
battery.
The third subscript indicates what is to be done with the third
terminal. If it is left open-circuit the third subscript is 0. If the
third terminal is shorted to the terminal indicated by the second
subscript, the third subscript is S. If a resistor replaces the short,
t The British Standard symbol for this is hFELy but ß is more commonly
used.
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R replaces S, and if a reverse biasing battery replaces the resistor
the third subscript is an X.
Since ICES = ICBS both are called Ics. Similarly IEBS =
IEcs = IES- I n addition when X is the third subscript the se
cond subscript can be dropped so that with both junctions reverse
biased the cut-off currents are Icx, IEX, IBX.
It is possible t o calculate the values o f some of these cut-off
currents in terms o f ICB0 from the Ebers and Moll equations,
as follows :
T

/cBo(l-a7)
— oc/a^v

IEBO(1~<*N)

1

*CX

— —1

Ics

= ^cfio/(l - a/aw)

EX

IES

l — oc/oc^v
=

IEBOI(\

— <*/<*#),

(1.11)

— ^CBo/(l--ajv)
/ECO — / E W O —a/).
The emitter-base voltage at which the above collector currents
flow can similarly be calculated; thus, using the sign conventions
of the Ebers-Moll equations:
kT
When Ic= - ICBO
VE = — In (1 - α^).
ICEO

When

Ic = -Ics

VE = 0.

When

IC=-ICEO

VE = ** In (l +

1 (1.12)
L·^.^)

Thus when Ic = — ICBQ and the emitter is left floating the emitter
junction acquires a reverse bias ; but when Ic = — ICE0 and the
base is left floating the emitter junction acquires a forward bias.
These results are illustrated in Fig. 1.2.
The Saturation

Region of Operation

The Saturation Region of Operation is normally achieved in a
circuit such as that o f Fig. 1.3(a). If IB^Iclß9
then by equa
tion (1.10) the transistor must be bottomed and it is found that
under these circumstances both junctions in the transistor are
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(IB=0)
FIG. 1.2. The variation of collector current Ic with emitter junction
voltage (forward bias ' positive), showing particularly the collector
cut-off currents.

forward biased. The base charge distribution is as in Fig. 1.1(c)
or as in Fig. 1.3(b); it is built up as follows.
As IB is increased from zero the transistor remains in the
Active Region of Operation until Ic ^ ECC/RL. Ic cannot then
increase further but the base charge must continue to increase
with IB. The gradient of the charge at the collector cannot
increase further so a distribution somewhat as shown is inevitable.
Here the minority carrier density next to each junction is

(b)

FIG. 1.3. A transistor driven into saturation (i.e. bottomed), (a) The
circuit to achieve bottoming; (b) the base charge distribution.
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greater than its equilibrium value so both junctions must be
forward biased.
When the transistor is bottomed it is important to know the
voltages between the terminals. If IB9 Ic τ$> ICB09 IEB0 then from
eqns. (1.3), (1.4), (1.5), assuming negligible collector resistance,

This is a much smaller voltage than that across either junction
on its own. Typically with silicon transistors | VBE\ ^ 0-8 V whilst

l*W)l«o-2 v.

If the expression for VE— Vc in eqn. (1.13) is positive it means
that the emitter junction has a larger forward bias than the
collector. Thus the positive sign applies to npn transistors and
the negative sign to pnp ones.
Breakdown Voltages and Zener Diodes
If the reverse bias voltage of a pn junction is increased suffi
ciently a voltage will be reached, usually called VBR, at which the
junction begins to break down and a large current begins to
flow. Provided this current is prevented from becoming so large
as to cause excessive heating (VBRXcurrent < power rating) no
damage results, but the onset of breakdown obviously limits the
range of useful voltages which can be applied to the junctions.
The breakdown voltages of the collector and emitter junctions
of transistors are normally stated by the manufacturers. The
high doping near the emitters of diffused base transistors results
in rather low emitter junction reverse breakdown voltages; as low
as 0-5 V in amplifying transistors but from 2 to 6 V in transistors
intended for switching circuits. The usual way to protect such
transistors if larger voltages are unavoidable is to place a diode
in series with the emitter (see p. 47).
In a Zener diode this breakdown phenomenon is used to provide
a reference voltage/ 2, 4) Beyond breakdown the voltage across
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the diode varies only slightly as the current changes by orders
of magnitude. At Zener voltages of about 6 V the slope resist
ance of the diode characteristic is minimal (normally a few ohms)
and its temperature coefficient of voltage is near zero. Zener
diodes are readily available in the range of about 4 V to 20 V.
Zero temperature coefficients of breakdown voltage can be ob
tained at other than 6 V by cascading reverse biased Zener diodes
of greater than 6 V breakdown, whose temperature coefficient
is positive, with forward biased junctions, whose temperature
coefficient is negative.
Transient Response of a Transistor
The Ebers-Moll equations refer to steady state conditions. If
the bias conditions of a transistor change, the base charge of both
minority and majority carriers must change too. It takes time
to change these charges so in order to express the transient or
high-frequency operation of a transistor it is necessary to set up
time-dependent equations.<2)
Supposing a base current iB is flowing into the base of a tran
sistor it will in general have to perform two functions. It will
first have to supply the recombination current for any charge
already present and, second, if there is any current left over, it
will cause the base majority carrier charge to change.
Tims

\iB = - £ L + ^ - ;

(U4)

where l/ßrc is the expression used for the recombination rate of
the base charge—for reasons which will shortly become clear.
That is, ßrc is the effective lifetime of minority carriers in the
base region.
Ideally the collector current must be equal to the base region
minority-carrier charge divided by the transit time, τ„ whatever

14
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the charge distribution (i.e. qB/rt). In practice there is some
recombination, so the constant relating ic and base charge is
not quite the transit time. It is called the collector time factor xc
ic = W r c

and

(1.15)

Equation (1.15) is the fundamental, charge control equation
relating output current to base region minority carrier charge.
Equation (1.14) states how much majority carrier charge accu
mulates in the base region as a result of a base current iB. The
fact that the same quantity qB can be used in both equations is an
expression of the fact that space charge neutrality exists and that
the charge of minority carriers equals the excess charge of major
ity carriers.
Equations (1.14) and (1.15) imply that in the steady state if
IB = 0 then Ic = 0 too. But this is not the case, as already dis
cussed. Consequently eqns. (1.14) and (1.15) should be corrected
to:

'*= j^+iir- 7 "··
ic =

In the steady state

ÇB/IC+ICBO·

(M6)

(1.17)

dqBldt = 0

so that
ß =

VC-ICMIB+ICBÙ.

This agrees with eqn. (1.10), which is why ßrc was used for
base region lifetime.
In practical circuits, however, cut-off currents normally signi
ficantly affect only the steady state conditions, so ICB0 will be
neglected in any subsequent use of the charge control equations
for transient calculations.
There is an additional effect which cannot, however, be neg
lected; it is the effect of the collector capacitance. When a tran
sistor is switched on into a resistive load the collector-base voltage

15
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decreases. This results in a narrowing of the collector transition
region and a widening of the base region. This extra width of the
base region requires an additional base charge, named qvc (i.e.
a voltage-dependent charge associated with the collector). The
narrowing of the collector transition region also requires an
equal charge to be drawn from the collector current and added
to the collector region as shown in Fig. 1.4. Thus eqns. (1.14),
(1.15) become
qe , àqB àqve
(1.18)
(1.19)

Holes
pnp
transistor

ζΆ

Electrons

FIG. 1.4. Cui rent flow through di pnp transistor at an instant during the
turn-on transient. The base current, composed of electrons only, sup
plies electrons to build up the base charge (ôq£/ôt), to charge up the
collector capacitance (.ôqro/ôi) and to allow recombination (qBlß^o)'
The steady state collector current {qBfro) composed only of holes is
decreased by the hole current (ôqvo/àt) needed to charge up the col
lector side of the collector capacitance.
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As shown in Fig. 1.5, qvc is not linearly related to the collectorbase voltage but for many purposes it is a good approximation
to suppose that it is, and that
dqvc
r, dVCB
di = —Ce dt

(1.20)

where Cc is a "large signal" capacitance obtained by dividing
the total change in qvc, namely AQVC, by the total change in

FIG. 1.5. The variation of the collector transition region capacitance
ctc with collector junction voltage (forward bias positive). The shaded
area shows the total charge AQro associated with a change of collec
tor-base voltage Δ V0B.

collector-base voltage VCB1— VCB2. Thus for a particular change
A VCB in collector junction voltage
Cc= \AQvclAVCB\.
Qvc and hence Cc are best obtained graphically from the plot
of the small signal collector capacitance citc versus Vc shown in
Fig. 1.5.
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The minus sign appears in eqn. (1.20) because qvc increases
as VCB decreases.*
If it is assumed that Cc is a constant independent of voltage,
then it follows that qvc is proportional to qB and eqns. (1.18),
(1.19) can be linearized without too much error as
(1.21)
(1.22)
where AQB is the total change in ^during switching. This is the
form in which these equations will be used subsequently.
Saturation Region
The above equations apply to the Active Region of Operation.
When the transistor is driven into the Saturation Region of
Operation both junctions acquire a small forward bias voltage
and some extra charge QBS accumulates in the base region as
shown in Fig. 1.3(b).
Here
where

QB

= JC(ON)* c»

QBS

=

IBS

= i s —/c(ON)/ß·

IBS^S*

(1.23)
(1.24)
(1.25)

QBS is called the saturation base charge, τ^ is the saturation time
factor, and \jxs is the effective recombination rate of this satu
ration charge. (Normally xs < ßrc.) IBS is the saturation base
current, the base current in excess of that needed to just bottom
the transistor.
t The important point in regard to signs is that whatever the conven
tion used for voltage, the signs of dqB/dt and dqvc/dt are normally the
same. That is, if qB increases, so does qVc>

18
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The variation of saturation base charge is evidently governed
by the equation
(1.26)
in which, during saturation, QB is, by definition, a constant. This
equation applies only when the transistor is saturated. Since both
junctions remain forward biased in saturation qvc can normally
be neglected.
The On-demand Current Gain
When a transistor is being held bottomed by a constant base
current, as in Fig. 1.3(a), and when the collector current may be
subject to variation, then an additional parameter can be of
importance.
In switching circuits it is common for the collector current of
a bottomed transistor to change as gates connected to it are modi
fied by other circuits. An extreme case is simulated in the circuit
of Fig. 1.6(a) where the collector current can be reduced to zero
by opening the switch. Suppose Ic = 0 with IB flowing. The tran
sistor is bottomed, VCE = KŒ(sat) ^ 0, and the base charge
distribution is as shown in Fig. 1.5(b). If now the switch is closed
it is often found that IB must exceed 7C(ON)/0 m order to ensure
that VCE remains at or less than the maximum permitted value of
^c^(sat)· Instead /^must be at least Iclßs where ßs is called the
"On-demand" current gain.
ßs is defined as the peak collector current /QON) "immedi
ately" available per unit base current, and in theory it differs
from ß for the following reason. When the switch is closed a
reverse bias tends to be applied to the collector immediately.
This lowers the base charge density at the collector to near zero.
But there is as yet insufficient time for the base charge to change,

19
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so the immediate result is that QBS of Fig. 1.6(b) redistributes
itself to become QB of Fig. 1.6(c).
Hence, since QBS = QB
IB = IBS = Qßsfts

=

QBI*S

(1-27)

Fig. 1.6(c)

Fig. 1.6(b)

Thus

= fc(ON)tc/ts>

ICiON)

__

IB

ßs

la
te'

(1.28)

In practice with homogeneous base transistors ßs may be be
tween ß and about ß/3 ; and the relation ßs=rs\xc is only approxi
mately obeyed. With diffused collector junction transistors it is
" + ΕΛ(

RB<£.RL

U

c

E

sK

(b)

CRO-

Q R = OR

la)
lVCE~ECC

^ 3S IB RL
E

V

CE= ECC-^BRL

S closes

- ► t

C

Sk

(0

(d)

FIG. 1.6. On-demand current gain. (a)j[A circuit for displaying the
effect; (b) the base charge distribution^before S closes; (c) the base
charge distribution shortly after S closes; (d) the pulse appearing on
the CRO if I0iON)lß=lB^Ic(oj*)/ßs>
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usual for ßs to be greater than ß and is therefore not an important
parameter.
Figure 1.6(d) shows the behaviour of the collector voltage
when the switch is closed if IB<Ic(on)/ßs =
^ccl^ßsThe Cut-off Region
In the Cut-off Region of Operation both junctions are reverse
biased. Thus when a turn-on base current is applied in order to
turn the transistor on again the junction capacitances must be
charged up sufficiently to ensure a forward bias on the emitter
junction before any minority carrier charge flows into the base
region. During the charging process the reverse bias on both
junctions is falling so that charge is supplied to both capacitances.
The total charge is called QVD (subscript D for "delay"). It
causes a delay between the application of a base current and the
appearance of any collector current.
The Transient Switching Parameters of a Transistor
The five parameters introduced so far, namely, r c , Qvc, QVD9
TS and ßS9 are not always quoted by transistor manufacturers;
but if not, their near equivalents usually are. The important equi
valent parameters of all except ßS9 which has no reliable equiva
lent, are as follows.
First, as shown shortly, the above parameters determine quite
simply the response times of a transistor when driven by a con
stant current source. Thus the response times can, conversely, be
used to obtain the switching parameters. This is the most common
method of describing transient response:
Second, the switching parameters are related to small signal
parameters.
(a) T c ^ l / c o r ,

(1.29)
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where fT = ωτ/2π is the frequency at which the small signalcommon emitter-current gain has fallen to 1. fT should be meas
ured at a low value of VCE.
(b) Qvc = Mcicl(\ VCBI\ - I VCB*\),
anc

(1.30)

are

where \VCBI\
* \VCBJ(
^ e initial and final values of VCB
when the transistor is being turned on, ctcl is the small signal
transition region capacitance when VCB = VCB1 and M is a con
stant between 1 and 2. When Vcm — VCB2<z: VCBl9 Af^l, but
when VCB2 ^ 0, M tends to 2. A value of about 1-7 for abrupt
junctions or 1-3 for graded junctions is typical.
With high-speed transistors the capacitances of the encapsula
tion may be significant. These add to both QVD and Qvc.
The best way to obtain Qvc is to take the area under a plot of ctc
versus VCB between the limits applicable to the problem in
hand as in Fig. 1.5.
(c) TS is related to fT and to the corresponding frequency
with the transistor operated in the inverse connection, namely
fn = ωΓ//2π.
T S (1

- a/a*) ^ — + —-.

Information on ωΤΙ is, however, rarely available.
(d) QVD is determined largely by the emitter transition region
capacitance, with a further contribution from ctc. Again, the
area under a plot of the small signal capacitances versus voltage
is the best way to find QVD. Note, however, that VEB usually
passes through zero as the emitter is taken from reverse to for
ward bias.(3)
Response Times
If a square wave is applied to the input of the circuit shown in
Fig. 1.7(a) (excluding CB)9 the output current waveform is usually
similar to that shown in Fig. 1.7(c). The turn-on time is divided
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into two parts, the delay time td before the collector current starts
to rise above its cut-off value (i.e. above zero approximately) and
the rise time tr which is the time taken for ic to rise from zero
^B
Π ΙΊ

o - M A ww-J—|C
/W-LRn
RB

V

i

A

g(ON)
0- ■

V

Q(0FF)

~*

T"

O-

v

g(0N)

^t

(b)
V

1

g(0FF)

I C(0N)

LZ-

tzP

I
I

I

—4-s

(c)

V

BE(0N)

v

(d)

g(0FF)

FIG. 1.7. The transient response of a transistor, (a) The basic circuit;
(b) the input waveform; (c) the collector current waveform; (d) the
base-emitter voltage waveform. (Typical values: Eoo=10V
^(0N) =
6 V, K, ( OFF) = - 2 V, RB=

10 k ü , RL = 1 kQ.)
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to its final value (about EccjRL in the circuit of Fig. 1.7(a), if
the transistor is driven into saturation).
Similarly the turn-off time is divided into two parts. First the
saturation time, ts, during which the saturation charge qBS is
used up and the collector current does not significantly change.
Second, the fall time tf during which ic falls from its maximum
value to near zero as qB is removed.
In the circuit of Fig. 1.7(a), the base-emitter voltage, VBE,
stays almost constant at F 5 £ ( O N ) throughout tr, tf and ts.
Thus the base current / 5 ( 0 Ν> during tr is nearly constant,
namely
*2?(ON) -

P*(ON) — Kfl£(ON)

(1.31)

R

During ts and tf9 the constant base current is
j

*B(OFF) %

P*(OFF) — VBE(O^Ì)

5

KB

(1.32)

)

where RB includes the generator resistance and any extrinsic
base resistance within the transistor and P^(0N)> ^(OFF> a r e
the open circuit voltages produced by the generator.
During the delay time td9 VBE increases from about ^ ( O F F )
to Kß£(ON), as in Fig. 1.7(d). The base current therefore varies
with time. If the variation is assumed to be linear the average
base current iB is given by:
7 —ii/
P]r(orF)+^mg(QN)\ 1
n ^x
IB- I Kg(ON)
2
ΙΊΓ''
I1·33'
Using these values of base current in eqs. (1.21) and (1.22)
gives the following response time expressions:
td = QvDlÏB,
\
tf

Qß )

(1.34)

V2KON)-/c(ON)//v'

= ßrc h+Qjg) In (*amI~£i™,ß)

>

0.36)
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provided
Qvc dqB
dt
QB

ÇB

%c

in eqn. (1.22) and

^rsln{/*(OFF)V*%}·
(/£(OFF)— *C(ON)/PJ

(1.37)

These results are obtained by substituting the following boun
dary conditions in the appropriate charge control eqns. (1.21),
(1.22), (1.26). Here AO K C = ß F C and AQB=QB. Also
Rise time
When t = 0 ^ = i c = 0,
when t = tr qB = C
T /C(ON).

Saturation time When t = 0 qBS = (/Ä(ON) —~7p^ps>
Fall time

when f = / s ^ 5 = 0.
When ί = 0 qB — TC/C(ON)5
when t = tf
qB=0

These rise and fall times are sometimes quoted for changes
between 10% and 90% of the final value of collector current.
The corresponding theoretical expressions are obtained using
the appropriate boundary conditions.
Evidently eqns. (1.34) to (1.37) can be used either to calculate
the response times from the transistor parameters, or the reverse.
However, in using them to determine the switching parameters,
two points should be noted.
First, eqns. (1.35) and (1.36) do not separate QB and Qvc.
To obtain values for each from measurements of tr involves
measurements of tr at two widely different values of /C(ON)>
since QB is (almost) proportional to 7 C ( 0 N) but Qvc is inde
pendent of it.
Second, T C and xs are not completely independent of operating
conditions so their values at one condition of /C(ON)> ^(ΟΝ>>
etc., can only be used to estimate performance at other conditions.
It is often convenient to discuss transistor transient perfor
mance in terms of the total switching charge required.
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If in Fig. 1.7(a) the input resistance is by-passed with the capacitor
CB shown dotted, the response times are greatly reduced. This
is because at turn-on the capacitor discharges into the base region,
rapidly injecting a charge ÔIN given by
ÔIN = ( ^ ( O N ) — VBE(ON))CB,

(1.38)

whilst at turn-off the capacitance removes a charge of
ÔOUT = (K,(ON) - ^ ( O F F ) ) C * .

(1.39)

Notice that since the change of charge on a capacitance is
proportional to the change of voltage across it, the voltage terms
in eqns. (1.38), (1.39) are not the same. At turn-on the base
voltage rises from ^ ( O F F ) to VBE(ON) so that the voltage
change across the capacitor is less than the driving step by this
amount. At turn-off it is assumed that the transistor base voltage
does not change (i.e. that the emitter remains forward biased
until the collector current has dropped almost to zero).
The charge needed to take the transistor from the cut-off
condition to the ON state (which may be the edge of the satura
tion region of operation) is
ÔON = QVD+QVC+QB

(1.40)

where
QB = / C (ON)* CAfter the turn-on transient the transistor will normally be held
on by the base resistor RB, and if the transistor is bottomed, the
current through RB will build up saturation charge, QBS =
n
IBSTS9 * the base region.
This charge will have to be removed at turn-off so that
ÔOFF = QVC+QB+QBS.

(1.41)

Notice that it is not necessary to inject QBS at turn-on, nor to
remove QVD at turn-off, if we are only interested in the time
taken for collector current to rise and fall between zero and / C ( 0 N ) ·
The optimum value of CB is such that ÔIN = ÔON and οουτ =
1most
ÔOFF· I*
circuits the capacitor is chosen so that for all
possible conditions and variations of transistors
ÔIN

^

ÔON
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and
ÔOUT ^ ÔOFF·

This concludes the discussion of transistor transient responses;
more details can be found in reference 2. Some problems appear
at the end of the chapter.
Temperature Effects and Power Dissipation
Ratings
Ratings are statements by the manufacturer of the limiting
conditions within which reliable operation of the device can be
expected. They imply that if the transistor is operated at a voltage
or power level which exceeds the voltage or power rating, then
it is to be expected that the device will be damaged, or its perfor
mance decline, before the device has had a reasonable period of
useful life.
Thus ratings are fixed, or decided upon, after extensive life
tests have been undertaken and after it has been discovered under
which conditions the device will not deteriorate significantly in a
reasonable time.
In general it is true that the further the operating condition is
from the rated value (on the conservative side) the longer the
expected life of the device.
Ratings or Maximum Operating Conditions are usually stated
for power dissipation, junction voltages and sometimes currents
too. In addition a thermal derating factor is usually stated. The
power dissipation is limited because too much dissipation produ
ces too high a junction temperature. Evidently therefore, if the
device is operated in a hot ambient or environment the amount
of power which it is safe to dissipate is reduced. The thermal
derating factor states by how much the power dissipated must be
reduced per degree rise of ambient or case temperature.
The thermal derating factor is not to be confused with the
thermal resistance 0. Thermal resistance is a characteristic of the
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device. If P milliwatts of power are dissipated in the device, the
resulting junction temperature rise Tr can be measured, and
0 = Tr/P.
It may well be that the derating factor is the reciprocal of 0,
but if this is so it means that it has been found from life tests
that overall temperature rise is the sole cause of transistor failure
when power is being dissipated. This may not be the case. For
example, traces of volatile gases may be trapped in the transistor
casing. If heat is supplied from the outside the gases will condense
on the semiconductor elements within the casing. But if heat is
generated in the device the gases will condense on the casing.
Thus, where the heat comes from can make a difference.
If cooling fins are used, both thermal resistance and thermal
derating factor are affected.
Thermal derating factors can be applied to other ratings (e.g.
voltage) but this is not usual with transistors.
Temperature Effects
The most temperature sensitive parameters of a transistor are
the cut-off currents ICB0 and IEB0 ; both increase at a rate of
about 10% per °C in germanium transistors, and at a rate of
about 15% per °C in silicon transistors, when the devices are
operated between about 0°C and 75°C. At higher temperatures
the rate of increase falls off. (Germanium devices are not nor
mally used at operating temperatures much above 75°C.)
Since both a7 and ocN also normally increase somewhat with
temperature, it follows from eqns. (1.11) that the rate of increase
of other cut-off currents may be even greater.
This variation of cut-off current also gives rise to a temperature
variation of the forward bias voltage of, say, the emitter-base
junction at a given emitter current. Eqn. (1.4) states that
/* = W e * K * ' * r - l ) - a / / c ,
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and if IE is held constant, at some significant forward current,
by an external circuit (so that exp. qVE/kT^$> 1) and if we as
sume a j / c remains substantially constant too, then we can diffe
rentiate eqn. (1.4), and replace VE by VEB, to obtain
0

__ dIEB0

(dVEB / q \

VEB q\

n ά~Λ

But since dIEB0/dT ^ 0-1 IEB0I°C in germanium transistors and
since VEB^0-2V
it follows that at Γ=300°Κ (when q/kT^
39 V-1)
0 . 0 7 4 = - ^ · ^
d r kT
or
aVßB

àT

" - 1-9 mV/°C for Ge.

In silicon transistors VEB ^ 0-7 V; since àIEBJâT=0'\5
dVEB
àT

IEBJ°C9

-l^mVrC.

This smaller variation in silicon of both current and voltage is
important in the design of level sensitive circuits which are not
temperature dependent.

Thermal Resistance and Thermal Runaway
In circuit design the most serious possible consequence of the
variation of ICB0 is "thermal runaway". This arises as follows
When a transistor is dissipating power (approximately equal to
VCEIC) the temperature of the transistor rises (by ö°C/mW)
and causes Ic to rise—since part of Ic is a temperature sensitive
cut-off current. But this causes a further increase in power dissi
pation and temperature, leading yet again to an increase in ICB0.
Whether this process is convergent or whether it "runs away"
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depends on whether the rate of increase with temperature of the
power being generated is less than, or exceeds, the reciprocal of
the "thermal resistance", 0. Thus to avoid thermal runaway
d(VCEIc)
άΤ

1
Θ

(1.43)

The worst condition is when the base is open circuited, or when
the base circuit contains a high resistance, since then the base
current is held constant. Now
Ic = ßlß + IcEoMultiplying by VCE and differentiating yields (if ß is assumed
to be constant),

—dT- ~

VcE

~dr~ *

VcE

~W

φ+ι)

·

Thus there is a maximum collector-emitter voltage above which
thermal runaway will occur, namely
'CE (max)

1
e(ß+l)dICBoldT

(1.44)

The value of dICB0/dT which appears in this expression is, of
course, its value at the actual operating junction temperature of
the device, and since dICBJdt increases with temperature this
maximum permitted voltage falls as the operating temperature
rises.
In practice both ß and ICB0 increase with temperature so the
maximum safe value of VCE is less than that given in eqn. (1.44).
If the emitter current rather than the base current is held con
stant the term (/?-H) does not appear in the expression.
Thus, particularly in common emitter circuits, the collector
voltage that it is safe to use may be limited by thermal runaway
as well as by the normal voltage ratings.
Finally, to complete this introductory chapter a table is in
cluded which presents the most important data for two quite
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different types of switching transistor. The npn silicon planar one is
a diffused epitaxial transistor based on the 2N914, though the
registered specification for this type number contains a good
deal more data than that shown in Table 1.1. The/?«/? transistor
is an alloy junction type of which there are many versions made
in the various countries of the world.
TABLE 1.1

Ratings and characteristics

Absolute maximum ratings
Operating junction temperature
Power dissipation (ambient
temp. = 25°C)
Thermal derating factor(3)
(in air)
Power dissipation (case temp.
= 25°C)
VCBHS^O)
VCEVB = 0)

(RB£ < 1 kQ)
V£BVC = 0)

npn
planar
silicon

pnp
alloy Ge

Units

200
360

90
200

°C
mW

21
1-2
40
15

—

5

31

m\V/°C

—

20

—

20
10

W
V
V
V
V

Electrical characteristics (at 25 °C unless otherwise stated)
d.c. Current gain, ß (or hFEL)
ί typical
55
(Ic = 10 mA, Y CE just l
not bottomed)
I limits 30 to 120

70
>30

Notes: (1) Only the magnitudes of d.c. voltages and currents are given.
In general they are negative for the pnp transistor.
(2) The data have been adjusted slightly in places to apply to
comparable operating conditions for the two transistors.
(3) Thermal resistance is the reciprocal of the thermal derating
factor for each of these transistors.
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Table 1.1 (cont.)
npn
Ratings and

characteristics

VCE (eat) Uc = 10 mA,
IB = 1 mA)
(Ic = 200 mA,
IB = 20 mA)
VBE{UX)(JO = 10 mA,
IB = 1 mA)
(VCB=6W)
IcBO

(VCB = 20 V)
(^=6V,
ramb = 80°C)
(Κσ5 = 2 0 ν ,
ramb = 150°C)
(VCE « 1 V,
/<, = 10 mA)
( ^ = 1 V,
Ic = 10 mA)
{Ic = 10 mA,
/* = 10 mA)
(/ e = 10 mA,

fr
τ0
*8

ßs
Cob (ΟΓ

0 ( ^

VCB ** 0 V)

= 6V,

/* = o)

1

planar
silicon

alloy Ge

0·2(<0·25)

01 (<015)

V

0-4 (<0-70)

0·2(<0·3)

V

0-7 to 0-8

—

<0·25
1·0(<2·0)

40(<20)

—

V
μΑ
πΐμΑ

—

40(<80)

μΑ

—

μΑ

-200

-10

MHz

0-8

15(<30)

nsec

003

0-8 (< 1-2)

/Msec

3(<15)

—
5(<7)

ctb (or c t e ) ( K £ 5 = 0-5V,
rbx
'ON

/* = ov)

=

( ^ = 6 V , / o = 0V)
OFF UC = 200 mA,
/ ß (ON) = 2/ Ä (OFF)

= 40 mA)

9

—
25(<40)

pnp

Units

30(>20)
8·5(<12)

Pf

—

Pf
Ω

—

nsec

90(<200)

Problems
1.1. Verify eqns. (1.11), (1.12), (1.13), starting with the Ebers-Moll
equations.
1.2. Plot curves of K0jB(eat) versus IB for constant Ic, and of Κσ*(ΜΛ)
versus Ic for constant IB when a7 = 0·8, α^ = 0·98, ΙΕΒΟ — 0*81 μΑ,
/«7Α0 = 1·0μΑ.
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1.3. If in Fig. 1.7(a) R,=50 kR, RL = 2 kR, Ecc = 10 V and if V,,,,, = 8
V and V,,,,,, = - 2 V calculate the delay time, the rise time, the fall time
and the storage time using a transistor for which @=go, tC = 0.016 psec,
Qvo = 50 pC, Qro = 80 pC, T# = 1.0 psec. (Assume
= VCB(snt)
=0
and that Zceo = 0.)
(Ans.: 0.278 psec, 1-27 psec, 2.4 psec, 0,668 psec.)
1.4. Repeat the calculation of problem 1.3 for a silicon transistor for which
V,,,,,, is 0.75 V ( VC&(lat) remains almost zero).
(Ans.: 0.29, 1.45, 1-95, 0.53 psec.)
1.5. (a) In the circuit of Fig. 1.7(a) the generator produces a square wave
of 8 V amplitude returning to zero. RE and CB are adjusted for a squarewave output of 10 V amplitude. In the ON state the transistor is just saturated (i.e. Q B a = O ) .
With RL = 10 kR, C, = 18.7 p F
RL = 1 kR, CB = 52.5 p F

RE = 320 kR,
RE = 32 kR.

Calculate p, rC, Q,, (assuming again that V B , ( o N ) = VCE(sat)r- 0 and
neglecting ZoB0).
(b) With RL still equal to 1 kR, RE is decreased to 16 kR (thus saturating
the transistor). In order to obtain abrupt turn-off again C, must be increased
to 83-75 pF. What is the value of zs of the transistor? With RL increased
to 10 kfi again (but RE still 16 kR), what value should C, have to obtain an
abrupt turn-off again?
(Ans.: (a) 40, 0.030 psec, 120 pC. (b) 1 psec, 78.2 pF.)
1.6. InthecircuitofFig. 1.7(a)Ecc=10V, RB=12 kR, RL=l kQ, V,(,,)=
$6 V, V#(OFF) = -3 V. At turn-off the storage time, t , , is 0.6 p e c and
the fall time, t,, for the collector current to fall from its maximum value to
zero is also 0.6 psec. Calculate the rise time t,, and the saturation time constant zs if the current gain, B, of the transistor is 50.
What is the minimum size of capacitor, C,, placed in parallel with Re
which will ensure abrupt turn-off of the collector current? (Assume V B E ( o N )=
0.7 V, VCb(a.t) = 0 V, ZcBo = 0.) (Ans.: 0.725 psec, 1-53 p e c , 67.8 ppf.)
1.7. Calculate the charge Q v c which must be supplied to the collector
capacitance of a transistor when the applied d.c. voltage VcB across it
changes from Vcsl= -10 V to zero volts (the minus sign means reverse
bias), given that when Vc = -6 V the small signal capacitance clc=
1

lOppF, and that clc=const(- Vc-+)-ywhere 4 is the
= - 0 9 v.
Derive a general expression for Q pc before substituting
Plot a curve of Qvc versus Vc.
(Ans.: 124 pic0 coulombs.)
1.8. Derive expressions for the rise time and fall time
of a transistor when the initial and final values of Zc are
the fully bottomed value.

contact potential
numerical values.
of output current
10% and 90% of

CHAPTER 2

Some Basic Circuits
WHEN a transistor is being used as a switch the type of behaviour
required of it is much simpler than when it is used as a linear
amplifier. It is expected to change rapidly between two states,
usually between a cut-off condition, and a conducting state with
the transistor bottomed. Consequently the problem in the design
of switching circuits often reduces to ensuring that (a) a transistor
which should be cut-off is held cut-off despite component tole
rances and changes of temperature or of transistors; (b) a tran
sistor which should be in a conducting state is similarly held there ;
(c) when a transistor changes state it does so sufficiently fast,
despite tolerances of loading and drive, etc.
Once the details of individual circuits have been properly
controlled, the subsequent problems of how to interconnect them
to perform systematic functions can be tackled.
In this chapter the behaviour of some simple circuits will be
considered; first the inverter, second the emitter follower, third
the long-tailed pair.
npn devices will always be used where possible, primarily
because this simplifies the signs in the circuit equations and avoids
ambiguity in the explanation. (The sign convention used from
now on is the "natural" one in which positive currents flow away
from positive potentials.) pnp devices can be used instead but
all polarities must be reversed.
33
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The Inverter
A simple inverter is shown in Fig. 2.1(a). The transistor chan
ges from the cut-off state (at which input voltage Vg(OFF) is
zero volts or less) to the bottomed state (at which the input voltage
Vg(QN) is about Ecc). The circuit is an inverter because KOUT,
the output voltage, is approximately zero when Vg = Ecc and
is approximately Ecc when Vg = 0.
Actually, of course, the output voltage changes by less than
Ecc. νουτ = Ecc—/C(OFF) RL when the transistor is cut-off,
and νουΎ = VCE(Sat) when the transistor is bottomed. For
best performance /C(OFF> a n d Pensât) should be as small as
possible.

The Bottomed State
Transistor data provided by the manufacturers usually state
the maximum value of VCE(ßat) for given values of Ic and IB.
The minimum value of ß is the ratio of these specified currents.
Thus in order to achieve an output voltage no greater than
F C £ ( s a t ) it is necessary that:
/tfCON) ^ /c(ON)//?min.

(2.1)

If the generator has the equivalent circuit shown in Fig. 2.1(a),
then
(2.2)
/*ON> = (P*CON) - VBB(OHÙK^g + RB).
The Cut-off State
If
to
^C(OFF) fe
be as small as possible the emitter-base junc
tion should be reverse biased so that Ic(pFF)=^cx- ^ ^BE
is allowed to rise to zero volts or above, IC(OFF) W ^ T^SQ t o
Ics or more, with the result that F O U T may fall significantly
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below Ecc. In particular, if, as is often the case, the input volta
ges F^(OFF) a n d ^g(ON) a r e provided by the output of a simi
lar transistor circuit, the minimum value of Vg will be KŒ(sat)
(instead of zero), so that the base-emitter voltage of the inverter
will also be positive, and 7C(OFF) wiH be greater than Ics, and
perhaps even greater than ICE0. At high operating temperatures
this is almost certainly too large when germanium transistors are

-ov n i
V

V

-o-VWV-

q(ON)

g(OFF)-

-Ecc

(a)

Ί—
VOUT

ä
(negative)

—o

(c)

FIG. 2.1. The inverter, (a) The basic circuit coupled to a generator; (b)
an inverter with base resistor to ensure a firm cut-off condition; (c)
the Thévenin equivalent of (b) (Typical values:R L =1 lsQtRB= 15 kQ,
^(ON) = £™ = 6 V, K„(oFF) = 0, Rz = 100 kQ.)
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used. Consequently, the circuit of Fig. 2.1(a) is usually modified
to that of Fig. 2.1(b) when germanium devices are used.
In Fig. 2.1(b) the condition for the cut-off state is determined by
equating currents at the base node. Thus:
P * ( O F F ) — y BE

RB+Rg

, Y
+IBX

=

VBE —EBB

/ 0

~λ

(23)

—R^~·

In a well-designed circuit using germanium transistors, RB,
EBB and Rx will be chosen so that VBE will be zero volts, or
less, for the largest possible value of J^(OFF) and IBX.
Using silicon transistors the collector cut-off currents are much
smaller and they usually do not rise so rapidly with increasing
VBE (because <x.N and a, are usually significantly smaller at
low currents than at high ones). Consequently it is usually possible
to allow /C(OFF) t o exceed Ics or even ICE0, in which case VBE
can become slightly positive and Rx can be removed, or taken
to zero volts instead of to the negative supply, EBB. In other
words, Fig. 2.1(b) is needed when germanium transistors are
used, but Fig. 2.1(a) is normally satisfactory with silicon transis
tors.
The Bottomed State Again
The equation for the saturated state of the inverter in Fig.
2.1(b) is evidently now
r
/B(ON)

P*(ON) — Pj5£(ON)

R^TB

VBE(ON)

Tx

— EBB

·

(24)

Strictly speaking, eqns. (2.2) or (2.4) can only be solved for
sa
y> S i v e n RB> Rg> Rx> EBB> b y solving them simulta
neously with the equation for the transistor input characteristic,
Drawing a load
namely IB(ON) « constXexp (qVBE(0^lkT).
line is one way of achieving this, but in practice it is normally
^(ON)»
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sufficiently accurate to assume that VBEi0^ is a constant of
about 0-2 V for germanium transistors and about 0*7 V for sili
con low level switching transistors.

The Transient Response
It is convenient to reduce the circuit of Fig. 2.1(b) to its Thévenin equivalent, shown in Fig. 2.1(c) where (using Thévenin's
theorem)
r

VgRx+EBB(Rg+RB)

' = · RX+R7R.

(25)

and
Rx ■+■ Rg+R B
Using this circuit the transient response expressions derived
in Chapter 1 can at once be applied.
The equivalent circuit containing Vg and Rg used for the gene
rator in Fig. 2.1(a) may not be quite correct if the generator is
another transistor inverter, for the following reason. When the
driving transistor is cut-off, the output resistance of the genera
tor is simply the load resistance RL and Vg ^ Ecc. When the
driving transistor is bottomed the output resistance is very low
so long as no more collector current than ß times its base current
is demanded from it. In effect this means that when Vg is rising
to
F*(ON)> Rg = RL> b u t w h e n y g i s falling to J^(OFF), Rg «: RL.
These values also affect RT and VT.
The Inverter as a Chopper
It is often useful to reduce a varying signal of amplitude vs
(the output of some measuring instrument, for example) to a
series of pulses of amplitude proportional to the signal. This is
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called chopping or pulse amplitude modulation and can be achieved
using the inverter circuit by replacing Ecc by Ecc-{-vs.
When the transistor is conducting the output voltage is VCE{Sdii)
and when the transistor is cut-off the output is (Ecc+vs —
7C(OFF)JRL). Thus, as for an inverter, the condition for a good
chopper is that /QOFF) a n d ^c£(sat> should be as small as
possible.
If the transistor is inverted as in Fig. 2.2, then the cut-off
current flowing in RL is IEX9 and is given by eq. (1.11) :
JEX —

IEBO(1-<X>N)

1-α/α/ν

In a typical transistor in which ocN > a 7 it is usual to find that
IEX may be an order of magnitude less than Icx.
When a transistor is bottomed at a particular value of collec
tor current, F Œ ( s a t ) decreases as IB is increased, as can be seen
from eqn. (1.13). In the limit
kT
1
Œ(sat) = — In — when Ic = 0.

7

q

oci

(2.7)

**t

Vg(ON)
V

g(OFF)

FIT-

FIG. 2.2. The inverse connection of a transistor in a simple chopper.
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If the transistor is inverted, so that the emitter is now perform
ing the function of the collector, the emitter-collector satura
tion voltage F EC(sat) is given by
IB+IE(1-*N)
1
= kTln f
(2.8)
KEC(sat) —
q
\ α Ν [/5-/£(1-α/)/α,] J*
In the limit, when IE = 0,
1

^£C(sat) = -— in
q
OCN

and F £C(sat) is significantly less than FCi?(sat) if 1 ^ ocN =>■ a7.
Usually F ^ , ^ <= F Œ ( s a t ) only if 7B 2* / C(ON) , so that
the transistor must be heavily overdriven to achieve the advant
age of inverse operation in saturation. Thus theoretically, the
transistor is a better chopper, both when cut-off and when bot
tomed, if it is operated in the inverse connection.
In practice symmetrical chopper circuits/5* in which the signal
can be either polarity, are normally used in instrumentation.
The Emitter Follower or Buffer
The emitter follower shown in Fig. 2.3(a) gives a voltage gain
of slightly less than unity, but can provide a current gain of
nearly ß. In switching circuitry the emitter follower is usually

V

BE s V 0+i E »E

'xR,

(b)
FIG. 2.3. (a) The emitter follower or buffer; (b) the transistor input
characteristic and a linear approximation to it.
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used as a d.c. buffer stage; that is, as a coupling element between
a load which demands a large current, and a driving circuit which
can only supply a small one.
If we assume that the emitter junction characteristic is repre
sented by the equation VBE — Vo+iErE, as illustrated in Fig.
2.3(b), then we can set up simple linear equations to describe
the behaviour of the circuit, namely
ÎB = [vm -(Vo+ iErE) - νουτίΙ RB,
ÌE = VOUT/^I?.

(2.9)
(2.10)

These relate the transistor currents to the circuit elements.
iB and iE can now also be related through the charge control
equations. Thus from eqns. (1.21) and (1.22)
/ _ 9B

,L,Qvc\dqB

; - ; _L; - ^ + 1 9B .MB
+_ .
l Ä _ , c + I , _ _ . _

1T .
(2.12)

n

With a step voltage applied at the input, so that vw becomes
a constant, F IN , these equations can readily be solved. In partic
ular, if RB is not too small dqB/dt can usually be neglected with
respect to qBjrc in eqn. (2.12) (even though it cannot be neg
lected in eqn. (2.11)). Substituting qB from eqn. (2.12) into (2.11)
and solving yields
W

= - ^ — ° (1 - e-*/*),

where

B =

ßtc
RE'ß+i
RB

/

Qvc\
\*QB)

(2.13)
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Thus the output voltage rises exponentially to its steady state
value of
KouT

- RB+rE + Rtf+l)

(2 14)

'

with a time constant which is reduced by the presence of the emit
ter resistor RE. That is,
B _ tc[l + (Qvc/QB)]
A
llß+(RE + rE)/RB

(2.15)

If RB9 which includes the generator resistance, is very small,
then the second order differential eqns. (2.9)-(2.12) must be
solved without approximation.
If the output drives a load RL, as shown dashed in Fig. 2.3(a),
then RE must be replaced by RERJ(RE+RL) in the above
equation.
Since a load equal to the output resistance, ROOT, of the cir
cuit halves the voltage gain, it follows from eqn. (2.14) that:
„ , tv
RE + r„E +, „ R/ B, l(ß+l)'

i W

(2l6)

Now rE is approximately the slope of the emitter junction char
acteristic at the mid-value of the emitter current. For example,
at IE= 5 mA:
kT
<n
YE

^

zr- =

q*E

D 12.

Thus for a circuit operating at 5 mA mean current and using
a transistor with large /?, /£0υτ ^ ^E> an( ^ the circuit will drive
large loads—provided they are directly coupled.
If the load is capacitively coupled, as in Fig. 2.4, the input volt
age will normally now be a periodic one and distortion of the
signal is likely to occur if RL <sc RE and if significant voltage swings
are involved. The reason for this is as follows.
Since, as shown, the output is now an alternating one, the cur
rent demanded by the load is also alternating. But the emitter
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follower can only supply a large current in one direction, so that
the output tends to clip if RL is small and demands too much cur
rent in the other direction.
If the waveform is just about to be clipped the instantaneous
total emitter current iE will fall to zero at the negative peaks
of the signal. At these instants the value of the instantaneous load
current ie must exactly balance the mean d.c. emitter current IE
since
ÌE = ie + Ιε-

FIG. 2.4. An emitter-follower with capacitor-coupled load, showing
the distortion that can result.

Thus if the peak negative excursion of the output voltage ex
ceeds IERL, the transistor will become cut-off and the waveform
will be clipped.
Thus, if the peak value of νουτ exceeds RL/RE times the mean
value of emitter voltage, distortion will occur.
To avoid this difficulty push-pull emitter followers can be
made using an npn and pnp transistor in which each transistor
is cut off in turn whilst the other supplies the load current. (6)
An alternative circuit involving npn (or pnp) transistors only
is shown as the output of H.L.T.T.L. gates on p. 108.
The Long-tailed Pair
The circuit of Fig. 2.5(a), often called the Long-tailed Pair, is
a very important and versatile circuit. It operates in the following
way.
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The emitter resistor RE9 and the supply voltage EEE, are intend
ed to be sufficiently large to ensure that small changes of vIN
do not significantly affect the total current IEE shared by the
transistors.
Suppose the two transistors are identical. Then if V1BEI ^ VßEv
IE1 will be greater than IE2, and vice versa.
-Er

(b)

FIG. 2.5. The long-tailed pair, (a) The basic circuit; (b) its smallsignal equivalent circuit. (Typical values: Ecc = — EBB = 10 V,

If the emitter cut-off currents of the two transistors are the
same, namely 70, then, approximately,
hi = Io(eqV*B*/kT)
(2.17)
and
IE2 = Io(eqV**>/kT),

so that
'IN

' EBl - VEB2 =

kT

__ kT

In
.

(IEIIIE2)
IEE~IE2

(2.18)
(2.19)

Thus the change in input voltage necessary to achieve a change
of IE2 from 1% to 99% of IEE is 9-2 kTjq. In other words, a
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change in Vw of about 240 mV is required to switch the current
from one transistor to the other. This is true whether the tran
sistors are made from germanium or from silicon.
Within the range VB1 = Κβ 2 ±120 mV the circuit behaves as
an amplifier whose voltage gain rises to a maximum when the
d.c. currents in the two transistors are equal. Using a simple,
low-frequency, common-emitter small-signal equivalent circuit
of a transistor, the equivalent circuit for the long-tailed pair is as
shown in Fig. 2.5(b) (a more accurate transistor equivalent cir
cuit yields only slightly improved results). If the current gains of
the two transistors are the same it is a simple matter to show that
if RE is large the voltage gain A v of the circuit is
Rg + rb'el + rb'e2 + ?Χ2 + Γχΐ '

(2.20)

where rxl and rx2 are the extrinsic base resistances of the tran
sistors.
Now rb>eJß ^ rel the emitter junction resistance(2) of 7Ί
and rb>e2/ß ^ re2 the junction resistance of T2, where, as before,
kT
rei = —7—
qÏEi

kT
Λ
and ree2 — QIE2

'

so that Av becomes a maximum when 1E\—^EI' (Linearity can
be increased by including resistors in each emitter lead though
the maximum gain is reduced.)
Later we shall be considering the long-tailed pair as part of
a regenerative switch in which the output is fed back to the input.
If the base of T2 is regarded as a second input it is evident that
the circuit is a differential amplifier with an input dynamic range
of about 200 mV. With equal load resistors on the transistors
it also has a differential output.
The circuit can also be regarded as a zero-crossing detector
or a level detector. If the base of T2 is held at a constant voltage
VB2 (between Vcc and VEE) then the current will switch from
one transistor to the other as the input passes through VB2.
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On subsequent pages, the various aspects of long-tailed pair
behaviour are discussed in more detail, as follows:
As a clipping circuit or level detector on p. 71.
As a regenerative level detector (Schmitt trigger) on p. 73.
As a high-speed current switch on p. 111.
Problems
2.1. (a) An inverter as shown in Fig. 2.1(b) has the following para
meter values: Ecc^+6 V, RL = \ kQ, F g ( 0 N )=+ 6 V, Fg(0FF) = +0·2 V,
R£ + Rg = 3 3 k n , £ ^ = - 6 V .
If the circuit is designed so that VBE(OFF) = -1 V, calculate the value of
Rx (neglecting cut-oif currents).
With this value of Rx what is the minimum value of β which will ensure
the circuit is bottomed in the conducting state, assuming that VBS(0V) =
0-7VandF^ ( e a t ) = 0?
(Ans.: 138 kQ, 53-5.)
(b) If the minimum value of ß of a batch of transistors is 25, redesign
the circuit (i.e. calculate new values of RB+Rg9 Rx) so that again
VBIKOFF) = - 1 V and so that all transistors are bottomed when in the
conducting state.
(Ans.:l5-4kQ,64kÜ.)
2.2. Verify eqns.(2.13), (2.14), (2.15), given eqns. (2.11), (2.12) describ
ing the transistor. Calculate the time for the output voltage of an emitter
follower to reach 90% of (Vm- V0) if rB=5 Ω, RB = 5 kQ, RE = 2 idi
and if τ0 = 0-02 ^sec, Qvo = 120 pC, 0=100, and Vm- V0 = 10 V.
(Ans.:0'275^sec.)
2.3. In a long-tailed pair containing two identical transistors what is the
change in differential input voltage necessary to change the ratio of current
flow in the two transistors from 3:1 to 1:3? Assume kTjq=25 mV.
(Ans.:55mV.)
2.4. Derive eqn. (2.20).

CHAPTER 3

Waveform Generation and Wave Shaping
IN THIS chapter some of the more important methods of produc
ing non-sinusoidal waveforms, such as square waves, or saw
tooth waves, will be described. It is assumed that each circuit
is designed to produce an ideal waveform, so that part of the
analysis of each circuit involves assessing the causes of any depar
tures from the ideal in the performance of the circuit.

Rectangular Waveform Generation
1. The Astable Multivibrator
The astable multivibrator is shown in Fig. 3.1(a). It has a stable
condition with both transistors conducting and bottomed, and in
which no oscillations occur. In these circumstances the capacitors
are evidently inactive and can be ignored. From this diagram
it can be seen that if each transistor is to be held bottomed, then
^B(ON) ^ ^c(ON)> or> neglecting Κ ΒΕ(υΝ ,,
ßlEßB
Rßl

Eçç

ß^EßB

Eçç

RLI

RBÌ

RL2

.

Now suppose the base supply EBB is temporarily switched off,
so that the base current of each transistor falls to near zero, and
the output voltage rises to near Ecc. If now the base supply is
switched on again both transistors will be turned on, the collec46
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tor currents will tend to rise, and the collector voltages to fall.
But with the capacitors connected, as in Fig. 3.1(a), these
changing collector voltages will be coupled to the opposite base
terminals, tending to drive the transistors off again. Actually one
transistor will always turn on more rapidly than the other, with
the consequence that it will be more successful in turning the
other off, which allows it to turn on even more rapidly, and the

(b)

(a)
r = CB2RLI

UThLTLi
V

BI

0

(O

FIG. 3.1. The astable multivibrator, (a) The basic circuit; (b) the cir
cuit modified to improve the rise time of the output voltage, and to
protect the emitters from damage due to emitter junction breakdown;
(c) the collector and base voltage waveforms of the basic circuit.
(Typical values: RL = 1 kQ, RB=22kQ, ECC=EBB = 6Y in circuit (a).
In(b), RL = Rz = 2'2kQ.)
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circuit soon reaches a state with one transistor on and the other
cut off.
But this state is only temporarily stable, since when T2, say,
is cut-off, the current through RB2 will charge capacitor CB2 and
will eventually forward bias the emitter-base junction of T2.
Then T2 will conduct, VC2 (the collector voltage of T2) will fall
and T\ will be turned off. Now the current through RB1 charges
up CBV and, after a time, 7\ will conduct again. Thus the circuit
oscillates, first one transistor is cut off, then the other.
Timing
To a first approximation, when one transistor, say 7 2 , is driven
into saturation the whole of the change of its collector voltage
AVC2 (^Ecc) is transferred via CBl to the base of T±. Thus VBl
falls by Δν€2 to the voltage KßE(ON) — àVC2, as shown in
Fig. 3.1(c). Thereafter VBl rises towards EBB as the current
through RBl charges CBV Since the other plate of the capacitor
is clamped to near zero volts by T2 in the bottomed state (VCi~
F CE(sat) ), the following equation applies,
C ß l

dVßi

^ T

=

EBB— VBi

RB1

■

(32)

7Ί begins to conduct again when K ß l ^ F ß £ ( O N ) , so that if
at t = 0, VB1 = VBE(ON)~ECC> th e ^ m e h f ° r which Tx is
cut-off becomes (solving eqn. (3.2)):
ti — CB±RBi In

1+ EBB

Ecc
— VBE(O*N)

(3.3)

A similar expression gives the period t2 for which T2 is cut-off.
If

EBB = Ecc,

ti = CBIRBI

and if

In 2

VBE(O^)

and

^

EBB,

t2 = CB2RB2 In 2.

(3.4)

If the time during which switching occurs is negligible, then
the frequency of oscillation i s / = l/(ii + /2) Hz.
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The only transistor parameter in this expression is VBEiONy
In practice the magnitude of the base charge and the magni
tude of the base cut-off current affect the timing too, as follows :
When Ti is being turned on, T2 will only become cut-off once
a charge QOFF has been removed from its base. This means that
the first negative-going part of the VC1 transient is used in dis
charging the base region of T2 without any significant change in
VB2. The negative bias finally applied to the base of T2 is therefore
less than Ecc by QOFF/CB2, and VB2 = F 5 E ( O N ) -(£ c c -e O F F /C B 2 )
at / = 0. Whence
H = C « Ä „ In U + Zcc-QonlCnX

^

Thus if CB2 is so small that QOFFjCB2 = Ecc, t2 = 0 and no
oscillations can occur. However, in practice, at the highest fre
quencies this expression is inaccurate because the time during
which both transistors are in the Active Region of Operation
becomes a significant part of the total cycle time and cannot be
assumed negligible. But at this speed the waveform is near sinus
oidal and does not concern us here.
Some diffused base transistors can withstand only 2 or 3 volts
of reverse bias on their base-emitter junctions without the junc
tion breaking down and possibly being damaged (see p. 12). Thus
if Ecc is more than a few volts, such transistors might be dam
aged in the multivibrator during their cut-off periods. To prevent
this, two methods are available.
Either a diode can be placed in series with each emitter, as
in Fig. 3.1(b), so that if the emitter junction does break down
the current is limited to the reverse current of the diode ; or the
diode can be placed in parallel with the junction so that a reverse
bias greater than the forward conduction voltage of the diode
cannot be applied to the emitter junction of the transistor. The
first method allows the junction to break down, but because the
current is limited no damage is caused. It is the better method
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to use in this case since the timing of the multivibrator is only
slightly affected. Both VCE(sat) and VBE(QN) are increased by the
diode forward voltage, and the two effects almost balance.
At high temperatures the base current, IBX9 of the cut-off
transistor, may not be negligible compared with the current
through RB.
Equation (3.2) becomes:
r
CB

dVB2

*-^T=

EBB - VB2 , ,

,~ ,v

+IBX

( 3 6 )

RB2

whence
/. = CB2RB2 In (l +
\

Ecc-Qov*ICBi
&BB— VBE{OÏ*)-T*BXKB2)

\

(3 ?)

]

KM(ON) decreases by 1-5 or 2-0 mV per degree centigrade
(depending upon whether silicon or germanium transistors are
being used) and this will also affect the timing lightly.
Waveform
The output waveform of the multivibrator is shown in Fig.
3.1(c). The relatively slow exponential rise of the output voltage
appears at the collector of the transistor that has just been cut
off. Since its collector current is almost zero, VC1 rises to Ecc
exponentially with a time constant of CB2RLV
Since the period for which 7Ί is bottomed is about CB2 RB2
it follows that this slowly rising edge must occupy a fraction of
the waveform of at least RL1/RB2, so that with this multivibra
tor circuit the slowly rising turn-off edge will always be no
ticeable. This effect also limits the degree of timing asymmetry
which the circuit can produce. If, for example, CB2 is made larger
than CBV then T2 will be cut-off for longer than T1 (assuming
RB1 = RB2), and the rise of the collector voltage of Τχ will be
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slower than the rise of VC2. Thus with a timing asymmetry of
only 20:1 or so, the output voltage of T± will not have risen to
Ecc before the transistor is driven into the conducting state
again. When this happens Δ VCl (the change in VC1 at the switch
ing transient) falls, the oscillation frequency increases, thus
further accentuating the trouble. Thus with asymmetries of great
er than about 10:1 the timing equations begin to be in error
and above 20:1 or so the circuit may not oscillate.
It is possible to modify the circuit to achieve a greatly improved
output waveform, but not to solve the timing problem just
described. The improved circuit is shown in Fig. 3.1(b).
Whilst 7Ί is being turned on, or is held conducting, its collec
tor current flows through both RL1 and Rxv When 7Ί is turned
oif the voltage of X± rises with time constant RX1CB2, but the
output voltage VC1 now rises rapidly since the diode becomes
cut-off and disconnects the output from CB2.
A similar addition of resistor and diode can be used to improve
the output waveform of Γ2.
The diode cut-off currents modify the timing in the same way
as IBX.

The fall time of the output voltage is much faster than the
rise time, as shown in Fig. 3.1(c). The reason for this is that most
of the turn-on of 7\ takes place with T2 cut-off. But when Γ2 is
cut-off all the current through RL2i nearly ECC/RL2, flows
through CB1 into the base of 7\. Thus 7Ί is a heavily overdriven
transistor in which the base current is approximately equal
to the final collector current. Thus a rise time approaching
*c(l +QVCIQB) i s t o t>e expected. (This follows from eqn. (1.35)
with IB^/c.)
The proportion of a period during which both transistors are
in the Active Region of Operation is very small at slow oscilla
tion frequencies, but increases as the frequency of oscillation rises.
Thus, as already pointed out, the equations given become less
accurate as the maximum frequency is approached.
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Application
The multivibrator can, of course, produce square waves as well
as rectangular waves simply by ensuring symmetry between the
two halves of the circuit.
The frequency of oscillation can be easily controlled by EBB\
indeed with a signal added to EBB a multivibrator is a very simple
method of producing a frequency-modulated square wave.
In addition, it is possible to synchronize the multivibrator oscil
lations to another, higher frequency which is nearly a harmonic.
If the signal is fed to the base of one transistor, via a resistor,
then the exponentially rising base waveform will have the syn
chronizing signal superimposed upon it and the multivibrator
will switch only when the signal is nearing its most positive
excursion.
Alternatively, a small resistor can be placed in series with the
emitter of one transistor, and the signal applied across this
resistor. This time switching will take place near the most nega
tive excursion of the synchronizing signal.
A Current-steered Multivibrator(7)
A circuit capable of producing rectangular waves with very
sharp rising and falling edges, at mark-space ratios of between
1:1 and 500:1, and which will operate up to the highest speeds
relative to the transistor capabilities, is shown in Fig. 3.2.
The ideal circuit is shown in Fig. 3.2(a) and a practical reali
zation of it is shown in Fig. 3.2(b). ECC1 must be larger than
ECC2 (in Fig. 3.2(a)) to prevent T\ bottoming when it is conduct
ing. In Fig. 3.2(b) this is achieved by the inclusion of Rx.
The currents /i, 72 are not quite constant in Fig. 3.2(b) since
the emitter voltages vary during the oscillations by the same
amount as the collector voltage of T2.
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The operation of the idealized circuit can be understood as
follows.
As with the multivibrator the two transistors take it in turns
to conduct or be cut-off, so that the total current h+h (which
is fixed) is switched between 7\ and T2.

c

Hl·

EEE

(a)

20V

1

02V FIG. 3.2. A current steered multivibrator, (a) The ideal circuit; (b) a
practical circuit; (c) the voltage waveforms at the emitters and col
lectors of the ideal circuit. (Typical values for (b): E0o = —E£S= 10 V,
RL = \ kQ, £ z = 3-9 kQ, RBl=\5 kQ, * „ = 1 0 kQ for about 1:1
ON-OFF ratio.)
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When T2 has just begun to conduct its collector voltage falls
by ^2(^1+^2). Since the emitter voltage of T2 cannot change
(now that T2 is conducting), the emitter voltage of 7Ί cannot
immediately change either (because of C), so the emitter junction
of Ti acquires a reverse bias of RL2(h+I2). h is now diverted
to flow through C, and consequently lowers the emitter voltage
of 7Ί (at a rate of dVE1/dt = h/C) until T± begins to conduct
again. 7Ί now turns on regeneratively (since the loop gain is greater
than 1) and T2 turns off. The output voltage of T2 rises to
ECC2 thus transferring a reverse bias of RL2(h+I2) to the emitter
of T2 via T± (which is now conducting) and via C. The capacitor
C is now discharged again from the other side, by 72, until T2
again conducts. Iu / 2 and RL2 are chosen so that T2 never bot
toms.
The output is best taken from the collector of 7Ί because this
output is not part of the feedback loop in the oscillator but
ECC1 must be greater than ECC2+RL1(h+I2). Also the output
voltage can be varied by RL1 without affecting the frequency.
Loading VC2 affects RL2 and therefore changes the circuit
timing.

Timing
If we neglect the base charge of the OFF going transistors and
any cut-off currents, the time t1 for which 7\ remains cut-off is
given by
,
RL2(h+h)C
ti =

j

il

(3.Ö)

and the time for which T2 remains cut-off is
h =

RL*(h+h)Cf

(3 9)
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so that the total cycle time is
f

*l+*2 =

(h+h)*RL*C
7-7
1\12

= 4RL2C if h = h.

(3.10)

If the turn-off base charge of each transistor is significant it
reduces the magnitude of the reverse bias on the emitter junctions
b
y ÔOFF/C> S O t h a t
h+h = ^y^K/i+Z^ÄLiC-ßoFF].

(3.11)

The timing of this circuit is much less dependent upon tempe
rature than is that of the normal multivibrator, because firstly,
the temperature-dependent transistor cut-off current which
affects the timing is IEX, the emitter cut-off current. But IEX is
very small—usually about an order of magnitude less than IEm
(see eqn. (1.11)). Secondly, the variation of ΓβΕ(ΟΝ) with tem
perature only causes a second-order variation of timing arising
out of differences between I± and / 2 . If Ii=h the timing is not
affected at all by changes in VBE(!ONy
Similarly the timing is only slightly affected by changes in β.
When T2 is cut-off, VC2 is less than ECC2 because some base
current flows into Ti, and this depends on ß±. Also β2 determines
the lower value of VC2 when T2 is conducting.
The practical circuit of Fig. 3.2(b) affects the circuit beha
viour as follows:
1. The effective collector supply voltage of Γ2, ET is (by Thévenin's theorem) (^ C C^AT+^EE^L2)/(^+^L2)> anc* the effective
load resistance RTis
RXRL2I(RX+RL2)·
2. Since V^ and VE2 fall during the timing periods, it follows
that Ιχ and I2 must also fall, with the result that the lower output
voltage level rises by an amount depending upon the magnitude
of VC2, VE1 and VE2 as compared with EEE. The rising values
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Of νουτ and VC2, which occur in the practical circuit, are
shown dashed on the ideal waveforms of Fig. 3.2(c).

Waveform
The rise and fall times of the waveform are very short because
(a) the loop gain is large; (b) the transistors are never bottomed;
(c) when Γ2 is cut-off the capacitive load on VC2 is composed
only of transistor junction capacitances (collector and emitter
of T% and the collector of 7i) which are all small (even though
the last is amplified a little by the Miller effect).
Application
As compared with the astable multivibrator, this circuit gene
rates square waves with faster edges, of more stable repetition rate
and with a much wider range of on-off time ratios (500:1 as com
pared with about 10:1). Its frequency can be varied, without alter
ing this ratio by simply varying C, and its amplitude can be
varied, without altering the frequency greatly, by varying RL1.
On the other hand, its frequency cannot be made dependent
upon an input voltage (changing EEE only alters the amplitude) ;
neither output voltage is at zero volts (the common return of the
d.c. supplies) and the lower output level does not remain constant.

Triggered Pulse Generators (Monostable Circuits)
Monostable circuits have one permanently stable operating
state. The other state is like each state of the astable multivib
rator; it is only temporarily stable, its duration being determined
by some C-R or L-R timing circuit. To operate it the circuit is
triggered by an external source into the temporarily stable state.
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The Monostable Multivibrator
In the monostable multivibrator one transistor is biased to
remain stable in the cut-off state whilst the other is held bottomed.
But the circuit can be driven into a state in which the transistor
states are interchanged. This state is "temporarily stable", just
as each state in an astable multivibrator, and the circuit switches
back to the first state, after a time determined by a C-R time
constant. The circuit of the monostable multivibrator is shown
by the heavy lines in Fig. 3.3. The lighter lines indicate triggering
circuits which will be discussed shortly.
For T2 to be stable when bottomed
EBBT, — VBEÌON)

EQC

&B2

ßmin^Z,2

(3.12)

For 7\ to be temporarily stable when bottomed
Eçç

RL2 + RBI

^

Eçç

VBEJON) — EBBI

ßmin^Ll

,~ , ^

&Χ

For 7Ί to be stable when cut-off (with T2 bottomed)
VBE(OFF) — EBBI

&x

T

, VcE(sat) — VBE(OFF\

,*

lyl v

KBI

where VBE(OFF) must be zero volts or less with germanium
transistors under worst case conditions, or less than a few tenths
of a volt positive with silicon transistors.
The circuit is operated by driving T2 into the cut-off state (or
by driving 7Ί on) by some external trigger source. Regeneration
completes the transition to the temporarily stable state. But this
is only stable for a short period, determined by the rate at which
CB2 is charged by RB29 after which the circuit returns to its
permanently stable condition with T2 bottomed. The period t2
for which T2 stays cut-off is dependent on the same parameters
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as the period of the astable multivibrator. Thus approximately
t2

— CB2&B2

ln

i +

Ecc
EBBI —

1

VBE(CM)\

(3.15)

More accurate expressions are given in eqns. (3.5) and (3.7).
The external trigger can be applied in various ways, three of
which are shown in Fig. 3.3. Each trigger circuit consists of a

Negative going
trigger

Positive
going o
trigger

<I
||_-*-^-J
c, ' D,

>K*
<>
4EBBI

|
<^
WΓ-i
D2 * 2

L·

Negative
I f — 0 going
C2
trigger

FIG. 3.3. The monostable multivibrator showing three possible trigger
inputs. (Typical values: RL = 1 kü, RB=1$ kü, Rx(on\y needed for
Ge transistors) = 180 kQ, i?j or Rt or R9^15 kQ.)

resistor, a capacitor and a diode, and is distinguished by a sub
script 1, 2 or 3. Ai, C\ and Di allow a positive going voltage
step to reach the base of 7Ί, turning it on. R2, C2 and D2 allow
a negative going step to reach the base of T2 turning it off. i£3, C3
and Z>3 allow a negative going step to reach the collector of T±
and (since Τχ is normally cut-off) to pass via CB2 to the base of
Γ2, again turning T2 off.
In each circuit the diode is included to prevent the wrong polar
ity edges reaching the circuit (a precaution which it is usually
necessary to take) and to isolate the driving circuit from the
multivibrator voltage transients.
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Each circuit has its limitations. Circuit 1 turns on T± so that
the trigger source "sees" Di and the emitter junction of T± as two
forward-biased junctions in series. Thus the circuit loads the
source severely. Circuit 2 is the most sensitive and loads the source
very lightly (since T2 turns off) but it affects the timing of the
circuit (i.e. C2 removes charge from the base of T2 which has to
be replaced by R& during the timing period). Circuit 3 does not
affect the timing; it loads the trigger source moderately but is
less sensitive than Circuit 2.
The resistors RÎ9 R2 or Rs are included to ensure that the poten
tials of points Xl9 X2 or Xs return to their equilibrium values
between the application of trigger pulses. Thus the interval be
tween pulses should not be less than the time constant CR of the
triggering circuit.
It is also possible to trigger the circuit by inserting a resistor
in the emitter of T2 so that a positive pulse turns T2 off, but this
reduces the loop gain and affects the timing since the voltage
swing of the collector of T2 is reduced.
The cross-coupling resistor RB1 can be shunted by a capacitor
(shown dashed) to speed up the regenerative switching of the
circuit. Its value should be about an order of magnitude greater
than ÔOFF/^CC S O that only a small change in F OUT will turn
T\ off. It will normally be significantly less than CB2. Its inclu
sion will, however, slow up the rising edge of the output voltage.
The duration of the positive pulses can easily be controlled by
varying EBB. Thus by applying a clock pulse to the triggering
input, and by adding a signal to EBB a simple form of pulse
width modulation can be produced.
The Emitter-coupled Monostable Circuit
The circuit of Fig. 3.4, like a long-tailed pair, has a common
emitter resistance RE serving as a coupling element between 7Ί
and T2. The circuit is stable with T2 conducting and Τχ cut-off. It
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can be made to switch by applying a negative going step or pulse
to the pulse input. This turns T2 off, causing IEE and the voltage
of the emitters to fall, bringing 7Ί into conduction (since VBl
is held by RB19 Rx). The current that previously flowed through
T2 is then directed to T± causing VC1 to fall. At the completion
of the switching process the base of T2 will have acquired a reverse
bias almost equal to the voltage swing of the collector of 7\,

Pulse
input

Output

FIG. 3.4. An emitter-coupled monostable circuit. (Typical values: RL=
RB=l kQ,E 00 =\Q V, /?Ä2=22 kO, RS1=RX=4.1 kQ.)

approximately IEERL1 if ß of 7Ί is large and if 7Ί does not bot
tom. Thus immediately after the switching process the emitter
junction of T2 is cut-off and
52(OFF)

VRI — IEERLL

f
— Vi
B\-

(

Vßl — ^ E ( O N ) \ i

)

RE

ÌLI

since Ti starts to conduct when VB2^VB1.
The voltage of the base of T2 now rises exponentially, with a
time constant RB2CB2, towards Ecc, until T2 begins to conduct
again (which again occurs when VB2 ^ VBi). Thus the time t2i
for which T2 is cut off, is given by
Cß
B2*B2
2R

H

(VBI —

VBE(OK))RL

i+y- ißcc —

VBI)RE

■■)·

(3.16)
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Evidently the period t2 is a function of VBV Thus, for example,
if a low frequency signal is applied to the base of 7Ί and a high
frequency pulse to the pulse input, a pulse width modulated sig
nal can again be produced.
Apart from being a convenient source of simple pulse width
modulated signals, the above two monostable circuits are a con
venient way of delaying a negative going transient. If the initial
transient is applied to the pulse input, Γ2 will initially switch off.
After the period t29 Γ2 will switch on again producing a negative
going transient at the output. Thus the initial transient has been
delayed by i2. This kind of function is useful in asynchronous
digital circuitry where circuit delays have to be introduced some
times (see Chapter 7).

The Blocking Oscillator™
The blocking oscillator uses a transformer as the feedback
coupling element, which because of its phase inversion can also
replace one of the transistors in the multivibrator. The primary
inductance of the transformer is used to obtain the timing of
the temporarily stable operating state.
Many configurations of this circuit can be used of which per
haps the commonest is shown in Fig. 3.5(a) with triggering ap
plied across a small resistor RB in the base lead of the transistor.
The circuit is stable with the transistor cut-off. A positive pulse
applied to the base starts a current in the collector-emitter cir
cuit. The collector current flowing in the transformer induces
an emitter current which, if JV> 1, is sufficient to bottom the
transistor. At this point the equivalent circuit of Fig. 3.5(b)
becomes valid.
Initially the current iL through the primary inductance, L, is
small. But since L is finite iL grows whilst iE begins to fall. Even
tually iE becomes too small to hold the transistor bottomed; ic
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ceases to rise, cutting off iE, and the transistor turns off regeneratively.
If RE is the effective resistance in the secondary circuit when
the transistor is bottomed, the effective resistance seen by the
collector circuit is N2RE and the initial collector current is Ecc\
(R±+N2RE). As iL grows the following equations apply:
. _ECC
- Ri

lQ

(1

C

lE

NE{cc
R!+N2RE

Ecc
) +

Α1

+

ΛΡΑ/

'

(3.17)

-tit

where

ΊΛ, + ΛΡΑ*]'
The transistor cuts off when aiE % ic,
If t<£T, a n d i f a ^ l
1
N*RB
t ~~ L [N-I^RX+N^RE)'

Λ

"

Ideal
N:l

EZ

r.^

Positive
trigger

1}

(b)
(a)

FIG. 3.5. The monostable blocking oscillator, (a) The basic circuit;
(b) the equivalent circuit when the transistor is bottomed.
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When the transistor cuts off the inductance of the transformer
tends to ring and a large reverse voltage can develop at the collec
tor. The inclusion of the damping diode prevents these effects.
The blocking oscillator can also be made astable, for example
by shunting R± with a capacitor, but the special property of
blocking oscillaters, that of producing large current pulses, is
probably best achieved using the monostable form driven by
another oscillator. This is because the timing of the two parts of
the oscillation cycle are difficult to control owing to the influence
of the transformer imperfections on the oscillator performance.
Sawtooth Waveform Generators
All sawtooth-wave generators integrate a constant voltage or
current with respect to time and thus produce a linear ramp.
This is subsequently quenched with a gating voltage so that the
integration can begin again. The most convenient form of inte
grator is a capacitor fed by a constant current, and there are three
important techniques for producing linear ramps in this way.
1. Constant-current Source
In Fig. 3.6(a) a common-base transistor circuit is used to pro
duce a nearly constant current source. When switch S is opened
the collector current flows into the capacitor charging it up from
an initial value of — Ecc towards zero.
Since IE can be held almost constant at EEEjRE and Ic =
<zNIE, the variation of the charging current depends upon how
much α^ varies as VCB changes.
The rate of rise of KOUT is given by
nd^ouT

T
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This is the simplest of the three techniques and its linearity can
be very good. But its output resistance is very high and any load
resistance connected to the output will affect the linearity of the
output according to the relation
d^puT #ουτ

(3.18)

This represents an exponential rise of output voltage (if Ic is
constant) from — Ecc towards zero with an initial rate of rise,
dvOUT/d/, of (IC—ECC/RL)/C and a final rate of rise of / C /C.
Thus for a linear rise EÇÇJRL <^ Ic

(a)

FIG. 3.6. Linear sweep generators: (a) using a transistor as a constantcurrent source; (b) the Miller integrator. (Typical values: EEE =
\Ecc\ = 10V;

RJS^R^IO

tfl,Rc

=

lkQ.)

2. The Miller Integrator
The Miller integrator circuit uses feedback to keep the current
flowing into the capacitor constant. Thus in Fig. 3.6(b) when
switch S is opened VBE will tend to move positively and will
cause a larger negative excursion of VCE (owing to the gain of
the circuit). But this change in VCE will be coupled back to
base via C, tending to prevent the original change in VBE. Thus
VBE and iIN tend to remain constant. And provided iB <$c iIN,
the current iF into the capacitor stays almost constant too.
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On the release of switch 5, the base voltage rises rapidly to
Fg£(ON). This step is coupled to the output via C, so that before
the output falls linearly (as just explained) a positive step appears
at the output.
The equations describing this circuit, once the transistor is
conducting, are evidently (equating currents at the base node):
%cc — y BE
- = ÌB + ÌF

(3.19)

RB

and at the collector node:

^-*m+h

= ic+2fF,

(3.20)

where
.F = cd(VBE-Vovr)

( 3 2 1 )

At low frequencies iB « ic/ß and if it is assumed that VBE is a
constant and that at t = 0, νουτ = ECCRJ(RL+RC), eqns.
(3.19) to (3.21) yield:
νουτ (

RL+RC\

flx

) = U+Ecc)e-,IB

- A,

(3.22)

where
A=Ecc[^-l)-^,
RCRL
RC+RL

(3.23)

03+1).

(3.24)

If t « B. νουτ falls linearly. Thus, putting /?/(/?+ 1) = ccm
ECCRL

»°υτ = - ^ ρ ^

(EcC—VßE^Nt

cRs

/α ο*\

·

(3-25)

When vOUT has fallen to near zero volts the transistor will be
bottomed and the (nearly) linear ramp output will cut off.
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Putting t = oo into eqn. (3.22) it can be seen that in effect the
circuit generates a negative aiming potential for the exponential
variation of νουτ equal to —A, or approximately —ßEccRc/RB.
When switch S is closed the transistor is cut-off so the output
voltage rises to its initial value with a time constant of CRCRJ
(Rc+Rjr). This may not be much smaller than the fall time
constant so that the quenching time may not be negligible.
The Bootstrap Sweep Generator
The Bootstrap Sweep Generator uses a different kind of feed
back to ensure that the current which charges the timing capaci-

O

V
OUT

FIG. 3.7. The bootstrap linear sweep generator. (Typical values: RB~
10 kQ, Λ,=4·7 kQ, E00 = -EXB=10 V, C , « lOOx C.)

tor C (Fig. 3.7) is held constant: when switch S is opened, capa
citor C begins to be charged by the current /. The rising voltage
across C raises νουτ too, via the emitter-follower transistor.
But νουτ is coupled back to vx via CF, which is a large capaci-
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tor, so that v± also rises with νουτ. Thus the voltage drop across
RB, which determines /, is held constant.
Evidently vi is initially nearly equal to ECC9 but as soon as
νουτ begins to rise diode D is cut-off and the whole of / is
obtained through CF.
The equations describing this circuit are as follows:
If to begin with it is assumed that CF is sufficiently large for no
voltage change across it to occur, then
and

vx - IRB - VBE = ν0υτ
vi = Ecc - ^ ( O N ) +

(3.27)
flouT,

(3.28)

where Γ β ( Ο Ν ) is the forward voltage drop across the diode when
it is conducting.
Equating currents at the base and emitter nodes
C j t {VBE + vOVT) - / - i A

(3.29)

ν
ίΕ= ουτ-ΕΕΕ+Ι+νοπ

(330)

If VBE is assumed constant and if VBE ^
(3.27) and (3.28) yield

F/>(ON)>

/ = (ECC-2VBE)IRB.

then e qns.
(3.31)

If the rate of rise of νουτ is not too rapid iE = /B(j8 + 1) and
eqns. (3.29), (3.30), (3.31) reduce to
»ουτ = Λ ( 1 - β - " * ) ,

(3.32)

where, neglecting VBE in eqn. (3.31),
j __ lp

\

j^

RB

EEE\

RE J

RLRE

RL+RE
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which are closely analogous to the equations for the Miller inte
grator.
A simpler understanding of the circuit can be gained by just
considering eqn. (3.29) from which it follows, since VBE ^ const.

^=4

(/-/*)·

(3.33)

As νουΎ rises the transistor draws more of the charging cur
rent away from the capacitor, thus decreasing the rate of increase
of «;OUT.
In practice the charging current does not remain quite con
stant since the voltage across CF changes. If tr is the time for
which S remains open, the change of voltage across CF is ItrjCF.
If this change is much less than Ecc, then
/nna, *

EC C
E
R ~^

·

(3-34)

This value of / can be substituted in eqn. (3.33) to obtain the
final value of άνουΎ/άί.
When switch S closes, the timing capacitor C discharges rapidly
bringing νουΎ and v± with it until the diode becomes forward
biased again. When this occurs vOXJT will not have reached its
initial value owing to the change of voltage across CF. Indeed
the difference between the initial and quenched output voltages
is simply Itr/CF again, and the transistor will be temporarily cut
off. CF then recharges primarily through RE (the current in RL
being very small if ItrjCF <c Ecc). Thus the recharge time, until
the transistor is again conducting, is approximately
_ Itr ^ ItrRE
•recharge — 7
~ ~~£
·
*EE
&EE

n

~<~

\J,JJJ

This is not normally negligible compared with tr. Thus the boots
trap generator usually includes two transistor switches,(10) one
at S and one to quench the output.
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High-speed Working
When the linear rise or fall of output voltage of a sweep gene
rator is not sufficiently slow for the reactive effects in the transis
tor to be ignored, some account must be taken of them. In
practice this simply involves substituting eqns. (1.21) and
(1.22) for iB = iclß = iEl(ß + l) in eqns. (3.29) and (3.30).
If dqB/at is still small compared with qB\xc (but not small com
pared with qBlßtc) it is easy to show that in the bootstrap cir
cuit the consequence is an increase in the effective value of C to
C(effectiv.> = C

+

r

c

( l

+

^ ) ( J -

+

J - ) ^ .

(3.36)

At high rates of change of output voltage dqB/dt cannot be neg
lected in eqn. (1.22), producing a second-order differential equa
tion and greater non-linearity in the solution.
Example. If in Fig. 3.7 Ecc = - J ? Œ = 10 V, RB = 5 kü,
RE = 4 kQ, C=0-2 μ¥9 CF=5 μ¥, RL = 2 Idi and in the transistor
β = 30. Estimate the magnitude of νουτ 0-5 msec after switch S
opens. What is the effect of replacing the transistor by one with
a very large /?? (Assume VBE= FD(ON) = 0 ' 7 V . )
(1) The initial rate of increase of νουτ is given by eqns. (3.33)
and (3.31).
Since, by eqn. (3.31), / = 1-72 mA
d^ouT

at

= 7-95 V/msec if β = 30.

(2) Thus the final output voltage would be about 4-0 V for
β = 30 assuming no decrease in dvOUT/df.
(3) A current of 1-72 mA flowing through CF for 0-5 msec
causes a voltage change across it. Thus the final value of / is
by eqn. (3.34)
Afinal) = 1 '69 mA.
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(4) Using these approximate values of the final output voltage
and charging current in eqn. (3.33) yields the final value of
άυουτ/άί.
- ^ ^

= 7.29V/msec.

(5) The average rate of increase of output voltage is conse
quently about 7·6 V/msec and
«>OUT

^ 3-8 volts after 0-5 msec.

If β = oo the only non-linearity arises from the charging of CF.
Thus in this case
vom = 4-25 V.
Level Detectors
Level detectors, which give a step function output whenever
the input crosses and recrosses certain particular voltage levels,
are widely used for the generation of digital waveforms. Such cir
cuits are also sometimes called zero crossing detectors or clip
ping circuits.
The long-tailed pair has already been briefly considered as a
clipping circuit, but its input voltage range of about 230 mV
within which it is an amplifier is too wide for many clipping
purposes. There are two ways of obtaining better performance.
One is to increase the gain of the circuit so that the 230 mV
range is reduced as low as required. The second is to include
feedback in the circuit so that once the circuit has begun to
switch it will complete the change over regeneratively. The first
method can give more rapid response, the second is essential
for slowly varying input waveforms.
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1. A High-gain Clipping Circuit
The sensitivity of a long-tailed pair can be greatly improved
by the addition of transistor Γ3 as shown in Fig. 3.8. The extra
d.c. level at the emitter of T&, produced by the Zener diode —
biased by RD — is very important. Vz and RL2 should be such
that when the collector current through T2 is IEE/2, then T3 is on
the edge of conduction.

FIG. 3.8. A high-gain clipping circuit using a long-tailed pair. (Typical
values: E00 = -EEE =\0V,RE = RL2 = 4*7 kQ, RL3 = 1 kQ, Vz = 5 V,
RD = 2-2 kQ.)

Suppose T2 is being turned on and 7Ί turned off by the falling
input voltage vIN. As explained on p. 43 7Ί will pass from the
near cut-off state (Im = 0·005ΙΕΕ) to the half-on state when
IE1 = IE2 with an input voltage change of about 120 mV. During
this change Γ3 will remain cut-off. T3 will, however, switch from
the near cut-off state to full conduction when its base-emitter
voltage VBEZ also changes by about 120 mV and when sufficient
current is supplied to the base of Γ3 to bottom it. Thus to switch
T3 fully the collector current of T2 must increase beyond IEE/2
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by an amount AlC2 given by

Jfa - <Av.+»m [±+±\

+^^·

<"»

where r02 is the output resistance of T2 (usually unimportant),
where ß is the current gain of Γ3, and where A Vz is the change
in Vz as the current through the Zener diode increases as T3
conducts.
The change AvlN in the input voltage necessary to achieve
this change in / C2 is given by
A

kT

Avm = —- In

IEI — AIC2
τ

Λτ

,

,~ «0x

(3.38)

where
IEI — IE2 — IEE/2-

The exact value of /1vIN depends upon operating conditions,
but there is normally no difficulty in reducing AvlN to 5 mV or
less for a 5 V output voltage swing, giving a large signal voltage
gain, Av, of 1000 or more.
The rise time of the output voltage will normally be the time
it takes for the input voltage to change by Av1N (having already
changed by about 120 mV to bring IE1 to /^E/2). If this change
is sufficiently fast to involve a transient change in the base charge
of Ts which is not negligible compared with the last term in
eqn. (3.37), then a larger base current must be supplied to Γ 3
to produce rapid switching. If 7fi(ON) is this larger base current
supplied to Γ3, the rise time of the output voltage can be found
from eqn. (1.35). The value of Avm to produce /^QN) c a n be
found from eqns. (3.37) and (3.40) by replacing (Ecc— Vz)j
(ßR^ in eqn. (3.37) by
For example, in Fig. 3.8 let R^ = 500 Ω, Ecc = — EEE =
10 V, RL2 = RE = 1 k Ω, and Vz= 5 V. Assume that A Vz, as T3
turns on, is negligible.
If the turn-on is to be fast, with tr of the order of 5T C (1 +
QVCIQB)
(see p. 23), then / B(ON) ^ / C( ON)3/5 ~ 2-0 m A.
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Whence by eqn. (3.37) ΔΙ^ = 2-0+0120 = 2-120 mA. But
lEE = 10 m A, so
kT . I 7-12 \
AvM =
23 mV.
l n
( w )
If base overdrive of Γ3 were not needed, and a minimum β of
Γ3 of 30 can be assumed, /B(ON) = ißcc~ vz)lßRix = °*33 m A ·
Then AIC2 ^ 0-45 m A and Avlfi ^4-7 mV. Thus, as is to be
expected, the gain of the circuit falls at high switching speeds.
Two properly biased, cascaded stages of long-tailed pairs (one
npn and the other pnp) will, of course, perform in much the same
way as the circuit of Fig. 3.8.

2. The Schmitt Trigger Circuit
The Schmitt trigger circuit of Fig. 3.9 is again essentially a
long-tailed pair (although the "tail" is not a very high resistance
in this case) together with additional coupling from one transistor
to the other, in the form of RB—sometimes in parallel with CB.
The circuit has two stable states, one with Τχ cut-off, the other
with T2 cut-off, and it switches rapidly from one state to the

FIG 3.9. The Schmitt trigger circuit.
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other when the input voltage VB1 reaches the appropriate trigger
level. The larger the gain round the loop (forward via RB and
back again across RE)9 the faster it switches.
The circuit can be designed so that the output transistor satu
rates or so that it does not. There are important differences be
tween these two cases and they will be considered in turn. The
input transistor can also be allowed to bottom but the difference
in this case is less significant. CB will not be included.
With non-saturating output transistor. The input voltages at
which the circuit switches depend on the steady state values of
VB2. When T2 is conducting, raising VB1 until it is about equal
to VB2 turns T± on so that T2 is,switched off regeneratively.
When T2 is cut-off VB2 is lower than when it is ON, and lowering
VB1 until it is again about equal to VB2 turns T± off again, so
that T2 comes on regeneratively.
Thus two parameters must be calculated in order to determine
the triggering levels.
(1) The steady state values of VB2 when T2 is (a) conducting
and (b) cut-off.
(2) The difference between VB1 and VB2 when regeneration
starts and the circuit rapidly changes state.
We will consider the second problem first.
Regeneration will only commence provided the loop gain
Av (determined by breaking the circuit at (A) and by measuring
the signal voltage ratio at the terminals exposed) is greater than 1.
It was shown in Chapter 2 that Av has an upper limit, of not
greater than
Av**
where

**
,
rei+re2

kT
kT
Λ
and
r
" = ^ ·
' « = ^
rel and re2 are the emitter junction slope resistances.

(3.39)
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Since IEI+IE2 = ^ΕΕ anc * IEE *S nearly a constant it follows
that Av has a maximum when 1^ = IE2 and that Av = 0 when
either 7£1 or IE2 = 0.
Suppose we design the circuit so that regeneration begins when
the oncoming transistor takes 2\% IEE. Then, as explained on
p. 43,

K«-KÄ = ^ln[4±|W]«100mV.

(3.40)

This current change is sufficient to initiate regeneration but
does not alter the steady state voltages significantly.
Thus when 7Ί is being turned on
= F*KON> - 1 0 ° m V
and as VB1 is being lowered T± turns off when

( 3 · 41 )

KJKON)

VBHOFF)

=

K*2(OFF) +100

mV.

(3.42)

In other words, the difference between KB1(ON) and Kß1(OFF),
called the hysteresis, is about 200 mV less than the difference be
tween the two steady state values of VB2.
The steady state values of VB2 are evidently the following,
neglecting cut-off currents:
(a) when T2 is conducting, then, by superposition,
jr

RiEcc
j ÄiCRa+ÄLi)
IB
K+RB+R*'R1+RB+RL1>
where IB = WGS + 1) and IEE depends on VB2i0^y
(b) when 7Ί is conducting
F 2(ON) =

*

jr
FÄ2(OFF

>

=

(Eçç — IÇI(OH)RLI)RI

R1+RB+RL1

,*

'

,~

'

ATi

(3 43)

ΑΑλ

(3<44)

where, just before Tt turns off,
/CKON) « /j5£ = (KBKOFF)— VBEUOHU/RE(3.45)
Combining eqns. (3.42), (3.44) and (3.45) leads to an explicit
but cumbersome expression for VB1(!0¥F), the voltage at which
the circuit switches regeneratively. Thus for given values of
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Ai, RBì RL1 and RE it is possible to calculate the voltage levels
at which the circuit will switch, and hence the hysteresis.
The design problem is, of course, the converse, and the remain
ing factor of importance, the effect of current gain, will be
considered through an example.
Example. Design a Schmitt trigger to operate from a + 70 V
supply, to switch at a rising input voltage of 5±0*25 V and to
switch a current IEE of about 5 mA.
We will only take transistor parameter variations (ß and VBE)
into account in determining the tolerance of VßKp^y Silicon
transistors will be used.
(1) If the limits of variation of ß in the transistors used are 25
to 200 then to ensure that VB1(ON) does not vary by more than
0-5 V the variation in νΒ2(ΟΝ) should be kept within about
0-4 V to allow for variations in VBE in the two transistors. Thus
eqn. (3.45) leads to the following inequality:
0-4

Let

IEER\(RB+RLI)

Ri~l·

RB+RLI

\26

RI(RB+RLI)I(RI+RB+RLI)

20lj

= 2-4 kQ.

(3.46)

(2) If the loop gain of the circuit is to exceed unity when IE1
or IE2 = 7^/40, then by eqn. (3.39)
IEERLI > 41 kT/q

or

RL1 > 220 Ω since kT/q ^ 25 mV.

Let RL1 = RL2 = 400 Ω, giving a 2 V output.
(3) Dividing eqn. (3.43) by eqn. (3.46) and taking the mid-value
of l/(/S+l), namely 47, yields:
Ecc _ IEE_ _ ?W>N) _ *Z *im/KA
RB + RLI
47 ~" 2-4 kQ
-' >
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whence
and
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= 4-5 kQ
Rx = 5-1 kQ by eqn. (3.46).
RB+RLI

(4) With IEE = 5 mA when FB1(ON) = 5 V, then for silicon
transistors in which ΚβΕ(ΟΝ) ^ 0·7 V.
*£

=

ΚΒΙ(ΟΝ)-^(ΟΝ) % 8 6 o a

(5) From eqns. (3.42), (3.44) and (3.45) the above values yield:
^l(OFF) = 4-5 V

so that since FB1(ON) = 5±0·25 V the hysteresis is approxi
mately 0·5±0·25 V.
The simplest way of altering the hysteresis is to vary the value
of R^. The larger RL1 the larger the hysteresis, as shown by
eqn. (3.44). If RL1 increases sufficiently to bottom 7Ί eqn. (3.44)
still applies but now (ECC—RL1IC1) = VE1 ^ VB1 and when
Vft is reduced IC1 increases. Indeed since by eqn. (3.44), VB2(10FF)
must always be less than (ECC—RL1IC1) and since the circuit
only switches when VB1 ^ VB2 it follows that the circuit cannot
switch until 7Ί comes out of bottoming sufficiently to allow
(ECC—IC1RL1) to be greater than VBV Thus the hysteresis can
be increased very considerably by increasing RL1 so that Tx
bottoms.
The penalty for allowing ΤΊ to saturate is that the input resis
tance of the circuit when 7Ί is conducting drops from about ßRE
to RE because, of course, the current gain of the input transistor
is lost when it is bottomed.
The Schmitt Trigger with Saturated Output Transistor
If the output transistor Γ2 is driven into saturation, the prin
ciples of operation are unaltered, but the details change consi
derably.
With Ti conducting eqns. (3.42), (3.44) and (3.45) again apply.
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With T2 conducting and bottomed, VCE(ßSit) = 0 and VB2 =
VBE(pN) + VE so that equating currents into and out of the
transistor
Eçç — VE
RL2

E ce —VE— VBEJON) __ KB
RLI + RB

RE

VE+

VBEJON)

,*

,-v

RI

from which VE can be found.
7Ί begins to conduct when VB1 rises to approximately VB2,
as discussed previously, and if T2 was only just bottomed this
would also be the voltage at which the circuit switches. Normally,
however, T2 is not only just bottomed and VB1 must rise further
to start regeneration.
A better approximation assumes that β2, the current gain of
Γ2, is large, and uses the fact that T2 will cease to be bottomed
when IB2 = 0. Thus we can write
Vci = II(RI+RB)

where

h =

r

= ECC — RLIILI

*+*W>">
Ri

and where IL1 is the current in RL1 when T2 is just bottomed.
If βι is also large
VE
Ecc-VE
hi = / i +
RE

RL2

Now VE can be found, and F B1(ON) is about 0*7 V larger, using
silicon transistors.
If ß2 is finite the equations become very involved. To cause the
circuit to switch it is necessary to turn on ΤΊ sufficiently to reduce
IB2 until it is less than IC2/ß2 (i.e. until T2 is in the Active Region
of Operation). The value of 1^ needed can be found as follows.
So long as T2 remains bottomed its three terminals can (al
most) be regarded as shorted together (by neglecting VBE(ß3Li)
and VCE(Sat)) so that as far as changes in current are concerned
RE, RL2 and R± are in parallel, as indicated in the equivalent
circuit of Fig. 3.10(a). We will call their parallel resistance Rx.
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Thus the incremental equivalent circuit reduces to that of Fig.
3.10(b).
Using the prefix Δ to denote changes (not necessarily small)
in IB2, IC1, VC1 and VE we obtain:
AVCl =
-RLi{àICi-AlB2\
ΔνΕ = RX{AIC1-AIB2)
so that
and -AIB2RB = ΔνΓΛ-Δνρ,

(a)
FIG. 3.10. The Schmitt trigger with transistor T2 bottomed, together
with its equivalent circuit (see text).

The required change in IB2 to drive Γ2 into the active region is
Δΐβ2 = ΙΒ2(ΟΝ) — Jc2(ON)/$2 ·

(3.50)

Equations (3.49) and (3.50) are sufficient to determine the
change in IC1 needed. The important quantity, however, is the
value of VB1^ON) at which this current flows. This is
VBHON) = (ΐ€2+ΐΒ2)ΚΕ

+ ΔνΕ+

FM(oN).

(3.51)

Thus the parameters which determine the value of VB1(0i^
when T2 is saturated are quite different from those when T2 is
not saturated. These are inconvenient analytic equations so
that design is most easily accomplished by choosing sensible
values and calculating the consequences, as follows:
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Example. Design a Schmitt trigger circuit, with saturating out
put transistor, which will trigger to a rising input voltage at 5± 0-25 V
when Ecc = 10 V and IEE is about 5 m A.
After some brief trials to obtain approximate values, particu
larly of Δ VE, the steps in the design are now
(1) Choose VE = 3-7 V, so that Τχ will turn on at 5 V, allowing
f r
o *W)N) = °*7 v a n d ΔνΕ in eqns. (3.48) and (3.51) = 0-6 V.
(2) Calculate RE = VJI^ = 740 Ω.
(3) Choose IC2 and IB2 so that / C 2 +^2 == 4 E anc* s o that
IC2/IB2

^ Pmin·

Let
(4) Calculate

7C2 = 4-7 mA,
IB2 = 0-3 mA.
RL2 % (ECC-VE)/IC2 = 1-34 Ul

(assuming

VcE(8&t)2 ^ 0 ) .

(5) Choose h = IB2. This choice is somewhat arbitrary. The
consequences of alternative choices are easily explored, h
must not be so large as to destroy the loop gain, yet not too small
to prevent T2 being properly cut-off.
Thus choose I± = 0-3 mA.
(6) Since T2 is bottomed, VB2 ^ VE+0-S V % 4-5 V.
Allowing Κβ£(ΟΝ) = 0-8 V for a bottomed silicon transistor.
(7) Calculate * i = VB2/h = 15 k ü .
(8) Choose RL1 to prevent 7Ί bottoming but to provide ample
loop gain.
LetJRL1 = 7 0 0 a
(9) Calculate RB. RL1+RB = (Ecc- VB2)I<JX+IB2).
Hence RB = 8.5 k Ω.
The range of values of VB1 at which T± turns on is now obtained
as follows:
Since IB2 = 0-3 mA, the change in IB2, ΔΙΒ2, necessary to
bring Γ2 into the Active Region of operation is given by eqn.
(3.50) for 25 < β < 200.
AIB2 = 0-3-/ C2 /25 = 0-112 mA (min.)
= 0-3-/ C2 /200 = 0-276 mA (max.).
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Now l/Rx =
eqn. (3.49)

IIRL2+1/RI+IIRE,
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so that Rx = 460 Ω, and by

Ala = 7-65 AIB2.
Hence by eqn. (3.48) AVE is between 0-34 V and 0-84 V.
A mean of 0-6 V was assumed initially.
From eqn. (3.51)
Kßl(ON)(min) = 4*74 V ,
Kßl(ON)(max) = 5*24 V .

These values are at the limits of the specification. The spread
on KB1(ON) can be greatly reduced by increasing 1^ and the
current through R± (i.e. by reducing RB and Ri).
The value of VB1(QFF) is obtained from eqns. (3.42) and (3.44)
and (3.45).
VBKOFF)
can

e

= 4-25V.

^BI(ON)
b reduced without greatly affecting VB1^OFF^ by
including an extra resistor in the emitter lead of Γ2· This resistor
also reduces the loop gain and therefore retards (or may even
prevent) the regenerative switching. It must not therefore be too
large.
The advantages of the saturated output circuit are:
(1) The output voltage is larger and is not dependent on the
transistor current gain.
(2) It can be designed with smaller variation of the triggering
levels, although it is perhaps more difficult to design.
In either circuit the inclusion of CB, to improve the loop gain
at the transitions, affects the trigger levels with varying input
voltages.
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Problems
3.1. In the multivibrator circuit of Fig. 3.1 (a) RL= 2-2 kQ and RB=47k£l
and CB = 0001 μ¥ and ECO = EBB= 10 V. Calculate the repetition frequency
of the oscillation assuming:
(i)
(ii)
(iii)
(iv)
(v)

that KB^ON) = 0 and that IBX = 0 and that Q0FF = 0 (15-3 kc/s);
(14-55 kc/s);
that F ^ O N ) = 0-7 V but IBX = ß 0 F P = 0
(15-85 kc/s);
that IBX = 10 μΑ but VBE{om = ß 0F p = 0
that ÖOFF = 500 picocoulombs but VBE{0^) = hx = 0 0 5 ' 9 kc/s);
that Κ^ ( ΟΝ) = 0-7, IBX = QOFF = 0 but that E0C=EBB = 9 V
(14-46 kc/s).
3.2. To the circuit specified in question 3.1 add a resistor of 47 kQ between
base and collector of Tx and another between base and collector of T2.
What effect does this have upon the frequency calculated in 3.1 (i)?
(Ans.: 33 kc/s approx.)
3.3. In the Schmitt trigger circuit of Fig. 3.9, Eco = 12 Vand EEE = 0,
RLI=RL2=1 kü, RB= 5 kQ, RE= 4 kQ and Rt= 12 kQ. If the current gain
ß of each transistor is very large, what is VB1 at which Tx (a) turns-on and
(b) turns-off? (Assume VBM{OR) °f e a c n transistor is zero and that cut-off
currents are negligible.)
(Ans. :8 V, 6-86 V.)
If the current gains of the transistors were both 20 instead of ~, what
would be the values of VB1 at turn-on and turn-off?
(Ans. : 7-64 V, 6-91 V.)
3.4. RL2 in the circuit of question 3.3 is changed to 3 kQ so that T2 is
bottomed when it is conducting. Determine the values of VB1 at which the
circuit switches assuming that for each transistor ß = °°, and that Κ^(0Ν) =
0-7 V.
(Ans. :7.93 V, 6-96 V.)
3.5. Design a Schmitt trigger circuit with non-saturating transistors to
switch at a rising input voltage of zero volts and a falling voltage of - 1 V,
when the supplies are ± 10 V. Design for a current in RE of about 5 m A. Let
ß of each transistor be 50 and VBE of each transistor be 0-7 V when it is
fully conducting.
If ß of each transistor falls to 25 what are the revised values of input vol
tage at which the circuit will switch?
3.6. In the bootstrap sweep circuit of Fig. 3.7 RB=3 kQ, RE=2 kQ,
RL= 1 kQ, CB = 0-1 ^F, CF = 5 μΕ, E00 = 12 V, EEE = - 6 V.
Estimate the value of V0TJT 0-2 msec after the switch S has been opened.
Assume VBE ~ 0-7 V and the current gain β of the transistor is 30. How
long after switch S is closed again should be allowed for CF to recharge
before opening the switch again?
(Ans. : 6-25 V, 0-22 m sec. approx)

Graphic Symbols
[·) AND
p)

1 * ^^

~~J +^>—

OR

NAND

NOR

I Z f X _ AND with

—U

INHIBIT

-

-

INVERT or
NOT

3>3>-

! Z $ J \ _ OR with
—W

>

NAND with
INHIBIT

INHIBIT

NOR with
INHIBIT

Z

z z

Z

ΓΦΙ

ττ
Rzi

P22

S«

(a)

R,

Graphical symbols. Diagrams (a) and (b) show
(b)respectively pulsed and
d.c. flip-flops. Logic inputs (SM9 Rz)> direct set and reset inputs {DSZ,
DRZ) and the pulse or trigger inputs (pZ\, Ρζύ are also shown. Nor
mally the asterisk in a flip-flop diagram will be replaced by the name
of the type of flip-flop involved, namely R-S, J-K, E, T, D, R-S-T,
etc.
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Combinational ec Sequential Circuits
THE remainder of this book is primarily concerned with circuits
capable of performing logical or arithmetic functions, that is, cir
cuits which can count pulses, circuits which detect coincidences
or anti-coincidences between pulses, and so on. Such circuits
have very wide uses in computers and telephone exchanges, in
the automatic control of machinery and in the handling of data.
Circuits of this kind are assemblies of functional blocks, each
of which is capable of performing some logical function. The
problem in designing such circuits consists of two parts, the de
sign of the functional blocks and the design of the appropriate
interconnections. Nowadays many functional blocks are available
in integrated circuit form, which leaves only the problem of
interconnecting them to the system designer. However, it is true
today, and will probably always be true, that the interconnections
can be handled with confidence only if the circuits within the
functional blocks are understood. Consequently both aspects of
the problem are considered.
From time to time in the following pages comments are made as
to which circuits can be easily constructed in integrated form.
Here the type of integrated circuit being considered is the solid
silicon circuit in which all the electrical components are formed
by diffusing impurities into a silicon chip.(11) The kind of limi
tations which these circuits have are that, obviously, germanium
components cannot be included, that silicon areas of differing
carrier lifetimes cannot easily be made, that capacitors are expen
sive, and that inductors of above about 1 μΚ are almost impos
sible.
85
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In this book there is only room to survey the possible types of
functional blocks and their characteristics, and then to present
a convenient method of designing or organizing their intercon
nections to form larger digital circuits. There are so many ways
in which this organization can be performed for any particular
circuit function that some method of choosing, say, the most
economical circuit may be desirable. A rigorous method of
minimization, as it is called, is, however, beyond the scope of
this book, and is, in any case, still a matter for development.
The method given is convenient and usually efficient but not
always minimal. Some examples of minimization are included.
It is convenient to separate these logical circuits into two types,
namely combinational and sequential circuits.
A combinational circuit is one whose output at any given time
is a function only of its inputs at that time. Gates are typical
examples.
A sequential circuit is one whose output at any given time is a
function not only of inputs at that time, but also of previous
inputs which have since been removed. A sequential circuit
usually contains combinational circuits. Counters, control circuits,
etc., are examples of sequential circuits. Since sequential cir
cuits take note of inputs in the past, they must contain some form
of memory; that is to say, the information imparted by the input
must remain after the input is removed.
The problems of the design of both types of circuit are dis
cussed in the next few chapters. Butfirstthe mathematical pro
cedure used in the description of these circuits, namely Boolean
algebra, will be briefly described. Only the most elementary
aspects of the algebra are required in this book.

CHAPTER 4

Combinational Circuits
Boolean Algebra
Boolean Algebra is an algebra in which the variables can have
one of only two possible values. The two values can stand for
the truth or falsehood of a statement, the states of a switch
(open or closed), the presence of one of two voltage levels, etc.
The two values of a variable A, say, are usually written 1 or 0.
Since A can have only two values, the complement of A, namely
"not A" or Ä, is also an important variable. If A = l9 Ä=0, or
if^=0,^=l.
In this book the variables refer to voltage levels and any Boo
lean equations we consider relate the voltage of one node or ter
minal to the voltages of other nodes. Thus Z=A means that nodes
Z and A are at the same voltage ; both 6 V, say, or both zero volts.
In Boolean notation, if we call one voltage level 1 and the other
0, then Z=A means that if Z = l , A = l and that if Z=0, ,4=0.
Similarly Ζ—Ά means that when the voltage of Z is 6 V, the
voltage of A is zero, and vice versa. Or in other words, if Z = l ,
^[=0 and if Z=0, A = l.
There are three basic functions of primary importance in
Boolean Algebra:
(a) Complementation (which has already been referred to). Ä
is the complement of A, and vice versa. This is sometimes referred
to as the NOT function.
(b) Addition An equation such as Z = A +B means that Z = 1
87
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if either A OR B is equal to 1, or if both are. This is the basis of
the "OR" function in logical circuits.
(c) Multiplication. An equation such as Z=A.B means that
Z is 1 only if both A AND B are 1. This is the basis of the AND
function.
With these definitions it is now possible to proceed with the
development of the algebra, beginning with Boolean arithmetic.
Rules of Boolean Arithmetic
1+1= 1

1.1 = 1

1+0=1

1.0 = 0

0+1 = 1

0.1=0

0+0 = 0

0.0 = 0

With the exception of thefirstaddition, these rules are identical
with those of normal arithmetic. This close similarity is the justi
fication for using addition and multiplication signs for what are
actually quite different operations.
From these arithmetic rules we can begin the algebra, in which
variables X, Y, Z can have one of only two values. The truth of
these rules can be verified by simply substituting in turn the two
possible values for each variable. Thus, below, in eqn. (la) the
two possible forms of the left-hand side are 0 + 1 or 1 + 1, both
of which equal 1.
Rules of Boolean Algebra
(la)X+l = 1

(lb) XI = X

(2a) X+X = X

(2b) X.X = X

(3a) Z+0 = X

(3b) ΧΛ = 0

(4a) X+X = 1

(4b) X.X = 0
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In Boolean equations each occurrence of a variable, comple
mented or not, is called a literal. Thus in (4a) there are one
variable, two literals and one value.
From these rules a number of useful theorems follow. (The
full stop in the AND function will now be omitted.)
(5) X+ XY = X(l + Y) = X
by (1 a) and (lb).
(6) X(X+ Y) = XX+XY = X+XY = X
by (2b) and (5).
(7) X(X+ Y) = XX+XY = XY
by (4b) and (3a).
(8) X+ XY = X+ XY+XY
by (5).
= X+Y(X+X)
= X+Y
by (4a) and (lb).
(9) (X+ Y) (X+Z) = X(X+ Y+Z)+YZ = X+ YZ
by (6).
by (9) and (4b).
(10) (X+ Y) (X+ F) = X
(11) ZX+ ZXY = ZX+ ZY
by (8).
(12) XY+XZ+ YZ = XY+XZ+ YZ(X+X) by (4a).
=
Y(X+XZ)+X(Z+YZ).
= XY+XZ by (5).
by (12).
(13) (X+ Z) (X+ Y) = XY+XZ
The following two are known together as De Morgan's Theo
rem:
(14a)X+Y+ . . . +Z = X7 ... Z.
(14b)XY ... Z = X+7+

...

+2.

These equations can be proved as follows: If all the variables
X, Y, ..., Z are equal to 1 then both sides of theorem (14b)
say, are clearly zero. If any one variable is changed to a zero,
then both sides change to a value of 1. Any change in any other
variable then makes no difference. Hence (14b) is always
true. Similarly (14a) is always true.

90

TRANSISTOR SWITCHING

In more general terms the theorem states that the complement
of f(A9 B9 C, .. „ AND, OR) can be formed by
(i) changing all the AND'S to OR'S,
(ii) changing all the OR'S to AND'S,
(iii) changing all l's to 0's,
(iv) changing all 0's to l's,
(v) complementing each literal.
Thus if
then

Z = A + AE+FB(C+D\
Z = AÇL+E) (F+B+ CD).

(4.1)
(4.2)

With these theorems we can perform most of the operations
needed for switching circuit design.
In this book the principal operations are those of simplification
and rearrangement of rather complicated expressions. In principle
this can always be done using the above theorems. In practice
it is very difficult to achieve a minimal simplification without the
use of some systematic procedure. The most general technique in
use was worked out by McCluskey and refined by Quine(12) and
can be used for any number of variables. Here we will usually
consider only the case of up to four variables and make use of a
matrix diagram known as the Karnaugh Map.(13) It will be seen
that its use can be extended to deal with six variables by drawing
three-dimensional maps, but not much further.
The Karnaugh Map
The method by which a Boolean expression can be simplified
using a map is best explained by an example.
Suppose the output Z of a circuit is given by eqn. (4.3) (ignore
the lower-case letters for the moment).
Z = A(D + B) + BD€+AB€B + ÄBCD + ABD.
a
b
e
d
e

(4.3)
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This expression can be simplified using the theorems just de
scribed or simply by expanding the expression in to its canonical
form and regrouping. That is, each term is rewritten to contain
all implied values of all the variables (e.g. since there are four
variables, term (b) becomes BDC = ABDÜ+ÄBDC). The result
ing lengthy expression is then factorized.
If, however, the possible values of the variables are represented
by the rows and columns of a map as in Fig. 4.1 the same process
can be carried out, but is much simpler to accomplish. There
B

of ΤΊ

Λ
AB AB AB AB
(a)

Λ

d 1

A

la c,el
a
a
a

lïbf
Ia |
el

(b)

FIG. 4.1. The Karnaugh map. (a) Examples of element groupings or
sets By ED9 AD, BCD; (b) the use of the map to simplify the Boolean
expression of eqn. (4.3), namely ÄB+B(p+Ä) = Â+BC.

are sixteen ways in which the four two-valued variables can be
combined, and each one is represented by an element in the mat
rix, or map. The columns and rows of the map are assigned in
such a way as to ensure as tight a grouping of variables as pos
sible. Thus the columns are labelled Ä B9 Ä B9 A B9 A B9 and the
rows C B9 € D9 C D, C D. This same labelling is alternatively
indicated by the brackets around the map. For example, the
bottom right element is AECD.
Elements can now be readily grouped in rectangular areas
containing eight, four or two elements per group. Those marked
in Fig. 4.1(a) are BD9 AD9 B9 BCD.
The terms of the Boolean eqn. (4.3) can now be plotted in a
map, as shown in Fig. 4.1(b). The entries for each term in the
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map are identified by the lower-case letters in the equation (for
example, the term ABD is indicated by e in the map).
Evidently these elements can be grouped in a much simpler
expression, as indicated in the map. Thus
Z = A + DB.
For problems containing more than four variables the group
ing arrangements are not so simple to visualize although the
procedure is evidently quite straightforward. If two more variab
les are added a three-dimensional map of 4X4X4 elements is
needed. Each level can be drawn separately, however, on the same
plane, and with practice considerable skill in its use can be
acquired.
Combinational Circuits
By representing the two states of binary logic or arithmetic
by two voltages, say (+6 V and zero), it is possible to realize all
the functions and the expressions hitherto discussed, and many
more.
Suppose we have two voltage sources or circuit nodes A, B
each of which can be either positive or zero. Either the positive
polarity or the more negative one (i.e. zero voltage) may be regard
ed as the significant polarity. If the positive value is chosen,
the system is called positive logic, the positive polarity is called
the " 1 " state, and the other the "0" state. If the more negative
polarity is chosen, the system is called negative logic.
If as is common the complements A and B are made available
as two further sources or nodes they are called Ä and B. (Thus
if A = l9 Ä=0 and if Λ=0, j l = l . )
If the two voltage sources A, B are inputs to a combinational
circuit, the output of the circuit may be one of many functions
of the inputs. Two functions of two or more variables have already
been mentioned, namely the AND and OR functions. These and
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TABLE 4.1

Outputs

Inputs
A

B

0
0
1
1

0
1
0
1

AND

OR

0
0
0
1

0
1
1
1

AB

A+ B

NOR

■

i

0
0
0
ÂB

NAND

1
1
1

o
ÄB

EX-OR

INH

0
1
1
0

0
1
0
0

AB+AB

AB

the other most commonly used functions of two variables are
shown in the truth table of Table 4.1.
A truth table is one which tabulates the outcome of all the
possible combinations of the inputs. In this case only two inputs
A, B are considered, so there are four possible combinations of
A, B and four rows to the table.
The NOR and NAND circuits are the complements of OR and AND.
The Exclusive-OR function excludes from the OR function the
simultaneous occurrence of A = l and 5 = 1 . The output of the
Inhibit gate is the same as input B except when A = l. Thus A
inhibits B.
The extension of all these functions to gates with multiple
inputs is clear, except in the case of the Exclusive OR gate. This
gate can have only two inputs unless some further rules are laid
down.
In combinational and sequential circuit diagrams it is usual
to use special symbols to represent each logical function, and
unfortunately a very wide variety of different symbols for the
same functions have come into common use and have even been
included in standards documents (see British Standard B.S. 530,
supplement 5 and the American A.S.A. Y 32.14). The symbols
used in this book are shown on page 84. The code used is quite
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straight forward. The full stop stands for AND, the + sign stands
for OR, both as in the Boolean equations, and the triangular shape
indicates, as usual, an inverting amplifier restricted in this case
to gain of unity, thus the triangle stands for the NOT function. The
reasons for not using one of the sets of standards are as follows:
in the British system there is no clear distinction between inputs
and outputs, the inverting function is represented as something
that happens after, or before, the signal has passed through
the gate which is never the case, and the linking of AND gates
and OR gates with threshold gates has no meaning in reality. In
the American system the graphical codes have no symbolic
meaning and are very difficult to remember.
The use of some of these functions, and their manipulation by
Boolean Algebra, can be illustrated with the following simple
example.
Example. Suppose an output Z is required which is the following
function of three inputs A9 B, C, and their complements.
Z = ÄB+B(€+Ä).
(4.4)
Realize this function using AND, OR, NOT, gates, NAND gates
and NOR gates.
(a) Using AND, OR, NOT gates
The function can be realized in various ways using AND, OR
and NOT gates. In Fig. 4.2(a) the function is realized as written
in eqn. (4.4).
The presence of an inverter (NOT gate) on each input suggests
an immediate simplification; that of realizing the complement of
Z and then inverting this output, instead of inverting all the
inputs.
Using de Morgan's theorem
Z = (A+B)(B+AC)
(4.5)
and the function Z can be realized as in Fig. 4.2(b).
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However, eqn. (4.4) can be simplified as follows:
Z = Ä(B+B) + B€
= Ä+BC
(4.6)
and can therefore be realized in the simpler form of Fig. 4.2(c).
(b) NOR and NAND gates
It is always possible to express a Boolean equation in terms
of two levels of NOR or NAND functions. The simplest procedure
Δο

~τ—Γλ

A+B

r^

i\

FIG. 4.2. Various combinational circuits all of which generate the func
tion Z = ÄB+B(C+Ä). (a), (b), (c) Using AND, OR and NOT gates, (d)
Using NAND gates, (e) Using NOR gates.
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is as follows, but a more efficient method is considered in Chap
ter 8.
For NAND gates the Boolean expression is reduced to its sim
plest form containing the sum ofproducts—using a Karnaugh map
for example. Then each product term is the input equation for a
NAND circuit, and the outputs of each of these NAND circuits form
the inputs to afinalNAND gate.
B

A

(o)

FIG. 4.3. (a) The Karnaugh map of eqn. (4.7). (b) The general arrange
ment of two-level NOR or NAND circuitry.

Consider the expression
Z = AB+C(DB+ABD).
The Karnaugh map of Fig. 4.3(a) shows a simpler grouping as
Z = AB+ÄBC+ACD.
(4.7)
Then with four NAND gates P, g, P, S arranged as in Fig. 4.3(b),
the inputs of P, Q, R will be AB, ABC and ACD respectively.
By de Morgan's theorem their outputs will consequently be
Ä+B, A+B+C, Ä+C+D. These three outputs combined at
the input to NAND gate S will yield the output Z above (by de
Morgan's theorem again). If some of the inputs to thefirstbank
of gates P, Q, R are complemented inputs, as in this case, preli
minary inverters may be needed to to obtain them.
For NOR gates the Boolean expression is first reduced to its
simplest form containing the product of sums. This is often easily
done by grouping the complement of the expression as a sum of
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products in a Karnaugh map. The required product of sums is
then obtained using de Morgan's theorem. Thus using the
example of eqn. (4.7) and its Karnaugh map of Fig. 4.3(a), the
elements of the map not indicated by eqn. (4.7) can be grouped
as
_
Z = ÄB+BC+ABD,
so that, by de Morgan's theorem,
Z=
(A+B)(B+C)(Ä+B+D).
The inputs to the first three NOR gates P, g, R arranged as in
Fig. 4.3(b) will be A +B, B+C and Ä+B+D respectively. Their
outputs combined at the input to a fourth NOR gate, S, will give
rise to the required function of Z, namely eqn. (4.7).
Returning to the simpler example of eqn. (4.6) in which
Z = Ä+BC
the NAND gate realization is now evidently that shown in Fig. 4.2(d)
whilst the NOR gate realization is obtained by writing
Z =
{Ä+B){Ä+0
(using theorem (9) or a Karnaugh map). Then Fig. 4.2(e) shows
the obvious arrangement. (See problem 4.8.)
Encoders and Code Translators
A simple but important use of combinational circuits and of
Karnaugh maps is in the construction of coders, as the following
example illustrates.
The numbers 0 to 9 can be represented in a variety of logical
combinations of four binary digits. Three of the more important
are shown in Table 4.2.(14)
In the simple Binary code, if the digits A, B9 C, D are given the
weights 1, 2, 4, 8 respectively, then the code readily represents
the decimal numbers. Thus, for example, 0110=6.
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TABLE 4.2

0
1
2
3
4
5
6
7
8
9

Reflected
Excess 3 code

Simple binary
code

Excess 3 code

DCBA

DCBA

DCBA

0000
0001
0010
0011
0100
0101
0110
0111
1000
1001

0011
0100
0101
0110
0111
1000
1001
1010
1011
1100

0010
0110
0111
0101
0100
1100
1101
1111
1110
1010

The Excess 3 code is the same as the simple binary code but
shifted by three decimal digits. In this code the "nines comple
ment" (i.e. the number subtracted from nine, an important
quantity in arithmetic processes) is formed simply by comple
menting all digits.
The Reflected Excess 3 code is one of many reflected or "Gray"
codes in which consecutive numbers differ by only one digit.
In this particular one 9 differs from zero by only one digit too.
The nines complement is obtained by complementing only the
D digit.
A frequent operation involves translating from one code to
another. Suppose it is necessary to translate from Simple Binary
to Reflected Excess 3 code. A map is drawn for each digit A' B'
C D' of the Reflected Excess 3 code in terms of the digits of the
Simple Binary code as shown in Fig. 4.4. The entries in the maps
can be derived from Table 4.2. For example, A of the Reflected
Excess 3 Code, namely A\ is " 1 " according to the following
equation in terms of the Simple Binary code:

A' = ÄBCD+ ABCDA-ÄBCD

+ ABCD.
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The blank spaces in the maps indicate binary code "words"
that never occur.
The "l's" entered in the map have now to be grouped to form
Boolean expressions, including any blanks which are convenient,
but excluding the zero's.
A' = B
B' = ÄC+BC+ABC
C=B+C+AB+ÄD
D' = D+CB+CA
If more than four variables are involved Karnaugh maps are
inconvenient and more general methods have to be used.(15)

A

c\
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0

1

1 0
0

0
0

1

1 0
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c

1
1

1
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0
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E
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E3

\ 0
l·

0

A

0

0
1

1

1

D1

1

FIG. 4.4. The Karnaugh maps for the translation of simple binary code
into Reflected Excess 3 code.

Practical Combinational" Circuits
Table 4.1 defining the various logical functions (AND, OR,
NAND, NOR, etc.) which combinational circuits can perform refers
either to positive logic or to negative logic. If it is concerned with
positive logic then all the l's refer to the more positive of the two
available voltage levels, and the O's to the more negative. Except
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where otherwise stated, Positive logic will be used throughout
this book and all Boolean expressions describing circuit operations
will be in terms of it.
However, it is important to realize that OR gates in one logic
system are AND gates in the other, and that NOR gates in positive
logic are also NAND gates in a negative logic system. This can be
easily verified by inspection of Table 4.1. If the O's are regarded
as the significant values then OR becomes AND and vice versa,
and NOR becomes NAND and vice versa. Thus OR and NOR are
complements of AND and NAND functions respectively. The posi
tive logic circuits described in the following pages are therefore
also negative logic circuits of the complementary functions.
In addition to using only positive logic, npn transistors will be
used, where possible and relevant. Of course, negative logic cir
cuits can always be built according to the same circuit diagram
but with all npn transistors replaced by pnp ones, all supplies
polarities inverted and all diodes turned round.
Many methods of realizing these logical functions in combina
tional circuits have been proposed and are commercially avail
able. The most important ones are briefly described below under
the code names by which they are usually, though not always,
described. In addition a brief analysis is given of why a circuit's
performance may be inadequate for some purposes and why,
therefore, a more complex circuit has been developed.
The performance differences between the various circuit designs
are usually concerned with speed of operation, fan-in and fanout, and noise immunity. The speed is characterized primarily
by the rate at which the output, loaded "normally", especially
by capacitance, rises (or falls) in response to a step input. The
fan-out is the number of identical circuits the output can drive
without serious deterioration of performance. (Evidently fan-out
and speed of response are interrelated to some extent.) Fan-in
is the number of identical inputs a circuit can accommodate
without serious deterioration of performance. (This too, is often
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associated with speed of response.) Finally noise immunity.
Most circuits will give a spurious output if voltage fluctuations
exist on the inputs, the earth line or on the supply lines (as a
result, for example of pick up, or of the changing current demands
of other circuits). The more resistant the circuit is to these fluc
tuations, the higher its noise immunity.
The most complex type of gate described, namely High-level
Transistor-Transistor Logic, is designed to maximize all these
parameters in one circuit.
Diode Logic (D.L.)
This is the simplest practical combinational circuit and is
illustrated in Fig. 4.5. In the AND gate the most negative input
holds the output down. Since each input can have only one of
two voltages, the output will only become positive if all the inputs
are at the more positive of the two available levels. The supply
voltage must be greater than or equal to this level. In the OR
gate any one positive input will produce a positive output.

3Z-A+B+C
OUT

(a)

B<

(b)

(c)

FIG. 4.5. Positive logic diode gates, (a) AND gate; (b) OR gate; (c) a twostage AND/OR gate.
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This circuit is usually designed to drive only one output (i.e.
fan-out =1) and to avoid loading its inputs the gate resistor is
usually made as large as possible. But this means that the rising
edge of the AND gate and the falling edge of the OR gate are slow
if the output is capacitively loaded. For example, if CL is the value
of the capacitor loading the AND gate, and if 7AND is the AND
gate current CL dKOUT/df = 7AND. The smaller / AND the slow
er the rise of the output voltage.
Two stages of diode logic can be constructed as shown in Fig.
4.5(c). When the output voltage is rising C L dF OUT /d/ = / AND —
IOR and when it is falling C L dF O U T /d/= — I OR . (A more
detailed analysis of this kind of circuit appears in Appendix B.)
Resistor Transistor Logic (R.T.L.)
In this circuit (Fig. 4.6(a)) all the input resistors RA, RB, Rc
are the same value and if any one input goes positive the result
ing base current is sufficient to bottom the transistor and drive
the output negative. The circuit is simply a multiple input inver
ter, or NOR gate. If more than one input goes positive the transis
tor becomes more heavily bottomed.

Αο-ΛΛΛ/V—i

FIG. 4.6. (a) Transistor resistor logic NOR gate; (b) clamped R.T.L.
NOR gate (positive logic). Typically EBB =—6 V, ECz = + 6 V and
Eoe = -f 6 V in (a) and +12 V in (bj.
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Normally each input A, B, C... will be the output of a similar
circuit so that the more negative of the input voltage levels will
be FCE(sat). When all inputs are at FcE(sat) transistor T\ must be
cut off, so that νουτ ^ Ecc. But if F C£(sat) is not sufficiently
small (and this depends upon the transistors involved) T\ may
be only partially cut off. For this reason with germanium transis
tors Rx is added to the circuit, to ensure that the NOR gate tran
sistor is held cut-off when it should be (see p. 35). With silicon
Rx is not necessary.
The gain of the transistor produces a much lower output
resistance than in D.L. and therefore a larger fan-out.
A detailed analysis of this circuit appears in Appendix A
where it is shown that the input resistors tend to draw current
from each other causing a limit to be set on fan-in and fan-out.
The speed of this circuit is limited by the near-constant current
drive provided by the input resistors. If these resistors are shunt
ed by capacitors to inject the turn-on charge (and remove the
turn-off charge) the speed of the circuit is significantly improved,
but again the capacitors interfere with each other, and load the
driving transistors.
Clamped R.T.L.
One of the consequences of attempting to obtain a large fanout with R.T.L. is that the current drawn by all the circuits
connected to the output of the NOR gate causes the more positive
output voltage to fall significantly below Ecc. This can be avoid
ed, and the fan-out increased, by increasing Ecc to above the
logic level and by clamping the output to a second supply ECL
as in Fig. 4.6(b). With this arrangement an output current up
to (ECC—ECL)/RL can be drawn from the circuit without chang
ing the output voltage significantly (see Appendix A).

104

TRANSISTOR SWITCHING

Diode Transistor Logic (D.T.L.)
The loading of one input by the other inputs, which reduces
the performance of R.T.L., can in principle be prevented by
replacing the resistors with diodes, as in Fig. 4.7(a), giving a diode
logic gate with inverted output. Unfortunately this circuit will
not normally function properly since when all inputs A, B9 C
are at zero volts (or, more exactly, FŒ(sat)) the output of the

ABC

FIG. 4.7. Diode transistor logic, (a), (b) Unsatisfactory circuits, (c) A
circuit with three stages of logic, AND/OR/NOT, which overcomes the
inadequacies of (a) and (b).

diode gate is above zero by the magnitude of the forward bias
voltage of the diodes, and this is too large to ensure that the
following transistor is cut-off. (If the diodes were of germanium and
the transistor of silicon the circuit would be satisfactory. However,
mixed systems of this kind cannot be made in integrated form.)
The circuit of Fig. 4.7(a) is a NAND gate. The corresponding
NOR gate shown in Fig. 4.7(b) will function correctly but the
base current is unnecessarily large when any one input is driven
positive by a similar, preceding stage. Thus the NAND gate is
unsatisfactory when the transistor is cut-off, and the NOR gate
is poor when the transistor is bottomed.
The cascade AND-OR-NOT arrangement of Fig. 4.7(c) neatly
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solves both problems. When the AND gate inputs are positive
the AND gate diodes are cut-off so the base current is 7 A N D - / 0 R ,
and the transistor is not heavily bottomed. When, on the other
hand, the AND gate inputs are at zero volts (or one of them is)
both the AND gate and OR gate diodes are forward biased so that
the base of the transistor is held at about zero volts, ensuring it
is properly cut-off. Thus current is steered towards the transistor
or away from it by the input voltages.
With germanium devices it is usual to use two (or more)
diodes in series in place of each OR gate diode D 3 , Di shown in
Fig. 4.7(c). This ensures that the transistor will be cut-off despite
diode tolerances, and provides greater noise immunity.
The transient response of this circuit depends upon / A N D ,
/ O R and the transistor properties (see eqn. (1.36)). The transistor
is turned off by 7OR, and for rapid response 7OR should be
large. The turn on current is / A ND~^OR S O ^AND m u s t a l s o
be large. Thus fast switching involves reducing the fan-out of
any driving circuit. (See Appendix B for a more detailed analysis.)
These gate currents can be reduced, somewhat fortuitously
without reducing switching speed, by using "slow" diodes in the
OR gate. If the OR gate diodes are slow to turn off, because of
minority carrier storage, their reverse current will not fall imme
diately to zero when the forward bias is removed; instead quite
a large transient current will flow. This current can be used to
help turn off the transistor. Indeed if the charge stored in the
diode is equal to QOFF of the transistor, no extra, transient
turn-off current will be required from the OR gate and
^OR can
be designed simply to maintain steady state conditions.
In order to achieve a rapid turn off of these OR gate diodes,
the AND gate diodes must turn on rapidly when the input falls.
Thus the AND gate diodes must be fast, even though the OR gate
ones are slow. The need for diodes of different response times
in one circuit makes the construction of this circuit very awkward
in integrated form since silicon of two different lifetimes is needed.
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Diode Resistor Transistor Logic (D.R.T.L.)
Some improvement in D.T.L. can be achieved by including
a parallel R-C circuit in the base lead as shown in Fig. 4.8. Part
of the difficulty in D.T.L. arises as follows. In order to turn on
the transistor rapidly 7 AND has to be large; this causes the tran
sistor to be heavily bottomed in the steady state, necessitating a
large current (IOR) to turn it off again within a given time. The

FIG.

4.8. Diode resistor-transistor logic, AND/OR/NOT gate.

capacitor C in Fig. 4.8 conveys the large transient current I A N D
to the base of the transistor, but resistor RB limits the steady
state current to 7c//?(min). This allows a reduction in 7OR and
therefore also in / A N D . (See Beaufoy (ie) for an analysis of this
circuit.)
Transistor-Transistor Logic (T.T.L.)
Each pair of back-to-back diodes which appears in diode
transistor logic (Fig. 4.7(c)) can be combined in one transistor
as shown in Fig. 4.9(a). When the emitters of all the input tran
sistors are positive, their base current, IB, flows through their
forward biased collectors, bottoming Γ3. When the emitter volt
age of any one input transistor, T± say, falls to zero, IB flows
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through this emitter instead, reducing the base current of Γ3 to
near zero. Thus 7Ί becomes heavily bottomed (IE » j y and Γ3
is cut-off with its base heldfirmlyto near zero volts by T±.
During the transient, when Γ3 is being turned off, T± is mo
mentarily in, or near, the Active Region of Operation (VBC « 0)
so that current readily flows from the base of Γ3 through 7Ί
until the base charge of Γ3 is exhausted—after which T± bottoms
and Γ3 is cut off. Thus the disposal of ÔOFF °f ^3 is efficiently
dealt with.

ABC

FIG. 4.9. (a) Transistor-transistor logic NAND gate, (b) Multiple emitter
transistor logic NAND gate.

Multiple Emitter Transistor Logic (M.E.T.L.)
M.E.T.L. is a natural (but ingenious) development of T.T.L.
in which all the input transistors are combined in one multipleemitter transistor, as shown in Fig. 4.9(b). Any one emitter taken
to zero volts will draw IB away from Ts cutting it off, as in
T.T.L.
The inverse current gain of each transistor (whether of T.T.L.
or M.E.T.L.) must be small so that when an emitter is positive,
excessive current does not flow in the emitter of the transistor
as a result of inverse transistor action.
The difficulty with both M.E.T.L. and T.T.L. arises pri
marily from its poor noise immunity. Ts in either circuit is only
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lightly cut off (the emitter junctions are not reverse biased) so
that only a small noise pulse in the earth line or on the input is
needed to cause a spurious pulse at the output.
The speed of response of the circuit is good. However, its
output resistance is still too large to enable it to drive many simi
lar circuits rapidly, especially if stray capacitance loading is
severe. In other, words, at its normal, high response speed its
fan-out is poor. This problem is solved as follows.
High-level Transistor-Transistor Logic (H.L.T.T.L.)
H.L.T.T.L. is a development of M.E.T.L. which removes its
remaining disadvantages.
The relatively high resistance output of M.E.T.L. is buffered
by a push-pull emitter follower circuit, which greatly increases
the fan-out and the circuit's ability to drive capacitive loads. The
diagrams of Fig. 4.10 show the two states of the circuit. It is
assumed that VtCE (sat) of each silicon transistor is not more

;,
ABC

0-4vNf0

(a)

(b)

FIG. 4.10. High-level transistor-transistor logic NAND gate with pushpull output, showing voltage levels in the circuit, (a) With the output
in the "1" state (positive); (b) with the output in the "0" state.
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than 0-2 V. In Figure 4.10(b) it will be seen that a total of about
0-7 V exists across the diode and the emitter of Γ3 in series. This
is insufficient to cause significant current flow through two silicon
pn junctions so that Γ3 is cut-off.
Noise-voltage spikes in the earth line or at the input have to
exceed about 600 mV before significant signals appear at the
output, which is several hundred millivolts better than M.E.T.L.
This circuit completes the development at the time of writing
of circuits in which logic functions are realized in terms of voltages
at the inputs to transistors.
Direct Coupled Transistor Logic (D.C.T.L.)
The technique illustrated in Fig. 4.11 introduces the idea of
combining logic functions at the outputs of inverting transistors
instead of at their inputs. In the NOR gate, for example, when any
one input goes positive the output drops to near zero (i.e.
FŒ(sat)). This output is normally sufficiently low to cut off
any following transistor, thus making directly coupled cascade
circuits possible.
The simplicity of the circuit and the fact that it can be so easily
manufactured in integrated form makes it very attractive. UnforEc#*V)<

> E cc ( * 3 V )

A + B+C

ABC

rs vS ΓΛ
Ô

A

B

Ô

(a)

C

Ô

(b)

FIG. 4.11. Direct coupled transistor logic, (a) NOR gate, (b) NAND gate.
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tunately, in practice, the emitter-base voltages of transistors can
not be made to sufficiently tight tolerances to prevent "current
hogging" and the method is not satisfactory.
Current hogging arises as follows : If one transistor output is
driving two or more other transistor inputs, the available base
current will only be shared equally if the values of KÄE(ON) of
the load transistors are equal. In practice small differences in
VBE(0ii) occur, and owing to the exponential input charac
teristic of a transistor this results in large base current differ
ences. The problem can be overcome by padding each base input
with a series resistor. This produces R.C.T.L.
Resistor Coupled Transistor Logic (R.C.T.L·)
The current hogging of D.C.T.L. is prevented by the inclu
sion of a padding resistor in series with each base, as shown in
Fig. 4.12. These resistors are kept as small as possible consistent

r<
A

B

FIG. 4.12. Resistor coupled transistor logic NOR gate.

with the prevention of serious current hogging and this provides
a heavy overdrive of base current at both turn-on and turn-off
(using silicon transistors). It is a widely used technique, sometimes
called Digital Computer Transistor Logic, D.C.T.L!
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Current Steering or Emitter Coupled Transistor Logic (E.C.T.L.)
A technique known as current steering allows transistors to be
switched at the ultimate speed of which they are capable. The
penalty for this high speed of operation is the relatively large
power dissipation of the circuits.
E cc (= + 20)
Ecc=+IOV

(b)

FIG. 4.13. Current steered, or emitter coupled transistor logic OR gate.
(a) The basic circuit; (b) a practical circuit including level shifting
Zener diodes. RL1 = RL2=100 Ω.

The basic circuit is a long-tailed pair, with extra input transis
tors added as shown in Fig. 4.13(a). In the example shown the
output voltage change is only 1 V.
If, to begin with, all inputs A, B . . . are at —0-5 V, the current
IEE flows through Γ3, lowering the output Z by 1 V, from 10 V
to 9 V in this example. If any input goes to +0·5 V, say input A,
then lEE will be diverted through T\ (its base is now more posi-
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tive than that of T3) and the output Z will rise to +10 V. Thus
the circuit is a positive-logic OR gate except that the output volt
age levels are shifted by 9-5 V with respect to the input voltage
levels.
The circuit has a complementary output so that it is also a
NOR gate.
To overcome the difficulty caused by the change in voltage
level between input and output, the circuit is modified as in
Fig. 4.13(b).
The large supply voltages ensure that Rcl9 RC29 R±, R2, RE
all supply almost constant currents to the circuit. The currents
through RC1 and RC2 are about 15 mA whilst the other three
are each 10 mA in this illustration.
When Ta is cut-off, all the 15 mA through RC2 flows through
the Zener diode 2>Z2. 10 mA flows away through R2 and 5 m A
through RL2. Since RL2 = 100 Ω, output Z rises to +0-5 V.
When Γ3 is conducting (i.e. both inputs A, B are at -0-5 V)
the 10 mA required by RE flows through T3. This means that
only 5 mA now flows through DZ2, but R2 still draws 10 m A,
which means that the current through RL2 must now be 5 mA
again, but in the opposite direction, so that output Z falls to
—0-5 V. JRI, RL1 and DZ\ need only be connected if a complemen
tary output is required.
Very rapid switching times can be achieved with this circuit;
rise times of only a few xc are possible. But this performance is
only obtained at the cost of exceptionally high power dissipa
tion in the circuit, about 1-5 Win this case. The high-speed switch
ing occurs for the following reasons.
(1) The transistors remain in the Active Region of Operation
throughout, and at a large reverse bias. (About equal to theZener
voltage of DZ2.) This keeps xc and the collector capacitance
small.
(2) The voltage swing is small and the current relatively large.
This means that little charge is required to drive any stray cir
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cuit capacitances or the collector capacitance, and also that there
is plenty of current to supply this charge rapidly.
(3) The current of 10 m A in high-speed, low-level transistors
is a typical one for achieving minimal values of TC.
(4) Zener diodes exhibit no carrier storage effects in the break
down region.
(5) The driving circuit which initiates the switching operation
is a low impedance one. The importance of this can be understood
as follows.
When, for example, TQ is turning off and Τχ is turning on, the
base charge QOFF of Γ3 is transferred via the wire connecting
the emitters to the base of 7Ί. If this is achieved in a switching
time ts, then a mean current of QOFFlts must flow between the
base regions and the input circuit.
The current which the input circuit produces is approximately
the magnitude of the driving voltage step, Δ FIN, divided by the
circuit resistance. If the source is the output of a similar circuit,
the net circuit resistance is RL+2rx, where rx is the extrinsic
base resistance of each transistor. Thus
,

^QOFF(RL+2TX)

If d VIN is to be kept small, R,, rx must also be small.
If QoFF of one transistor does not equal QON of the other,
then overshoot or undershoot of the output waveforms will
result.
In practice the inductance in the emitter wire through which
the drive current has to flow is likely to limit switching speed or
cause “ringing” in the output voltage.
This concludes the description of the various techniques for
constructing AND, OR, NAND and NOR circuits. Finally, the construction of exclusive-oR and inhibit circuits must be briefly
considered.
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Exclusive OR and Inhibit Gates
Exclusive-OR gates can be constructed from combinations of
NOR, NAND, AND and OR gates as indicated in Fig. 4.14. Note espe
cially that since an AND gate can be made from three NOR gates,
Fig. 4.14(a) can be modified to contain five NOR gates, which is

AB + AB

(a)

(b)

FIG. 4.14. Exclusive-OR gates, (a) With only uncomplemented inputs
(also shown is the output AB needed in the half adder—see p. 198).
(b) Using AND-OR gates.

particularly simple to construct using transistors. There are, how
ever, interesting circuits which naturally generate the inhibit func
tion, and which, when combined, form simple exclusive-OR cir
cuits.
The two principal forms of inhibit gates are shown in Fig.
4.15. In the circuit of Fig. 4.15(a) the transistor is cut-off except
when input B is positive and A is at zero. In Fig. 4.15(b) the out
put is at (near) zero volts unless input A is positive and B is at
zero. Additional B inputs can be added, as shown dashed. In
each case the A inputs inhibit the action of the B inputs.
The circuits of Fig. 4.15 use R.T.L. as the design method, but
versions of the same circuit using other methods, are, of course,
possible.
Figure 4.16 shows two of the inhibit circuits of Fig. 4.15(a)
combined to form an exclusive-OR circuit (again using R.T.L.).
Since inputs A, B have to supply the emitter or collector currents
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of 7Ί or Γ2, the logical gain (fan-out) is obtained by operating
Γ3 at a current which is an order of magnitude greater than that
of the other two.
In the circuit of Fig. 4.16 the inverter Γ3 can be replaced by
an emitter follower to give an exclusive-NOR function (AB-^ÄB)
instead of the more usual exclusive-OR.
The inhibit circuit of Fig. 4.15(b) can be used to construct an
alternative form of exclusive-NOR gate.

A+B=AB

OAB

Fio. 4.15. Inhibit gates.

ΔΒ+ΑΒ

FIG. 4.16. Inhibit gates combined to produce an exclusive-OR gate.
RXK3RBK
20RL « 20Ra « 200R0.
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Problems
4.1. Simplify (using Karnaugh maps or otherwise)
(a) ABC+AECD + CD + ABC.
(Ans.: AC+CD.)
(b) ABC+ACD + AC.
(Ans.: CD + AB+AC.)
(c) (A + B+CD) (À+B)(Â+B+D).
(Ans.: B+ÄDC.)
(Ans.: AD+BD + DÜ.)
(d) (A + B+C)(B+C + D) (A + D).
4.2. Complement
(a) (Λ + £ + Γ Η 5 + Γ 4 - £ ) ( / ί + £>).
(b) AB+Cj-D.
(e) /Ì5+CZ).
(d) (ÀB+C)D + EF.

(Ans.
(Ans.
(Ans.
(Ans.:

/f£C+ECD + ÀD.)
(A+B)CD.)
(A+E)(C+D).)
(A+p + BC.)
(E+F).)

4.3. Draw logic circuits to implement each of the above expressions,
(a) Using AND, OR, NOT circuits.
(b) Using NOR circuits.
(c) Using NAND circuits.
4.4. In the diode logic circuit of Fig. 4.5(c) the upper resistor = 56 kü
and the lower =150 kü, the supply voltages are +20 V and - 1 0 V and
the output is loaded by a 20 pf capacitor. If inputs B9 C, D all remain at
zero volts what are (a) the rise time, (b) the fall time of the output voltage
when input A is driven abruptly from zero to +10 V and then, when a
steady state has been reached, back to zero again?
Assume that there is no voltage drop across the conducting diodes and
that no current flows through them when they are cut-off.
Repeat the calculation assuming 0*7 V drop across the diodes when they
are conducting.
(Ans.: 15-25, 20-8, 15-9, 20-8 ^sec.)
4.5. In the R.T.L. circuit of Fig. 4.6(a) RL=1 kü, Eco = + 6 V, the three
base resistors are all 8 kO and Rx = oo. If all the inputs are initially at
zero volts, calculate the rise time and total turn-off time of the output current
when one input rises abruptly to + 6 V, and then, when a steady state has
been reached, falls abruptly to zero again. (Assume νΒΙ!{0ίί)= 0·7 V,ß = 50,
τ0 = 0-012//sec, Qvo= 80 pc, xa = 0-6 jusec.) (Ans: 0.29 /jsec, 0.95 /isec).
What are the turn-on and turn-off times if the fan-in is increased from three
to six?
(Ans.: tr=0-612 //sec, 0-42 /ttsec.)
If the transistor output is loaded by a 200 pf capacitor to earth, estimate
the turn-on time (i.e. the time taken for the output voltage to fall to zero volts)
assuming VCsiB&t)=0 for both values of fan-in. If a much faster transistor
is used in which ß=50, but τ89 TC and Qvc are negligible, what would be
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the turn-on time for both values of fan-in and what would be the time con
stant of the turn-off edge?
4.6. Design the gates necessary to convert a simple binary code to an
Excess-3 code (see p. 98).
(Ans.: A' = A, B' = AE+AB9

C' = AC+BC+AEC,

D' = D + BC+AC).

4.7. Design the gates necessary to convert a Reflected Excess 3 code to a
simple binary code.
(Ans.: A' = D(C+AB+AB)

B' = A,C

+

D(AB+ABC),

= AD + AE, D' = ABD).

4.8. Prove the validity of the methods described on p. 96 for the constuction of NAND gate and NOR gate circuits from Boolean equations.
4.9. Design a circuit to compare two four-digit, binary coded numbers
A, B. There should be three outputs to indicate respectively A^B,
A = B, A^B.
4.10. Design a circuit with four inputs and five outputs, such that the
outputs indicate the number of excited inputs: i. e. none, any one, any two,
any three, all four.

CHAPTER 5

Bistable Elements for Sequential Circuits
sequential circuits must be capable of "remembering"
previous inputs the simplest method of constructing them is by
interconnecting circuits which possess memory. That is, by inter
connecting circuits which will remain in a clearly distinguish
able state after the inputs which set up that state have been
removed.
The commonest memory device nowadays is the ferrite mag
netic core which, because of its square hysteresis loop can be set
in either of two quite distinct magnetic states, and it will remain
there after the magnetizing field has been removed. Some special
devices such as tunnel diodes or pnpn diodes or triodes are also
bistable, but relays and transistors are simply switches which
can be driven to one of two clearly distinguishable states (on
or off) but which relapse to one preferred state, or dangle uncer
tainly, if the drive is removed.
In order to make a transistor into a bistable element the simplest
method is to interconnect two of them, A and B, so that when A
is cut-off B is held on and vice-versa. The usual circuit for achiev
ing this is shown by the heavy lines in the diagrams of Fig. 5.1
and is called the Eccles-Jordan circuit, or the bistable multi
vibrator. It is evidently similar to the two previously considered
multivibrators except that here both states of the circuit (Γχ on
and T2 off, or 7Ί off and T2 on) are permanently stable. (Previ
ously only one state or neither state was permanently stable.)
SINCE
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The circuit can also be thought of as two R.T.L. NOR gates
connected in a closed loop. The output of each NOR gate drives
the input of the other.

11

Af>

<ρΑ

Π

A.ÌI |i>p

(c)

(d)

o ô
°SA DR.
A

A

FIG. 5.1. (a) An Eccles-Jordan circuit (in heavy lines) with additional
circuits connected to form a d.c. R-S flip-flop; (b) an Eccles-Jordan
circuit (in heavy lines) with pulse steering circuits to form a pulsed
R-S flip-flop, together with direct inputs DSA, DRA; (c) the symbol
for a d.c. flip-flop; (d) the symbol for a pulsed flip-flop.
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Triggered and Master-Slave Flip-flops
A bistable circuit is of no interest unless it can be driven from
one stable state to another by means of external voltages. Of
the many possible drive circuits three are illustrated in Fig 5.1.
A circuit with such logic inputs is called a flip-flop and it is with
flip-flops that this chapter is concerned.
Figure 5.1(a) shows a d.c. flip-flop and Fig. 5.1(b) shows a
pulsed flip-flop sometimes called a triggered flip-flop.
Consider the d.c. flip-flop first. In Fig. 5.1(a) two types of logic
input are shown. First, transistors Γ 3 and Γ4 are added to form
two R.C.T.L. NOR gates with 7\ and T2 respectively. When
the SET and RESET inputs (called logic inputs and labelled SA
and RA) are at (or near) zero volts T3 and Γ4 are both cut-off
and the Eccles-Jordan circuit is stable with either A or Ä posi
tive. When SA is driven positive 7\ is bottomed which forces
output Ä to zero volts allowing output A to become positive.
Thus, exciting SA puts the flip-flop in the " 1 " state with A posi
tive. Similarly exciting only the reset input RA puts the circuit
in the zero state with Ä positive. If both SA and RA are driven
positive together, then both A and Ä go to zero; and when SA
and RA themselves return to zero, the resulting state is in general
indeterminate and the memory function of the circuit is lost.
Thus in any sequential circuit care must be taken to ensure that
SA and RA are not excited together. A flip-flop which becomes
indeterminate when both logic inputs are excited together is called
an R-S flip-flop,^ The fact that the circuit becomes indetermi
nate when both inputs are driven positive identifies the circuit
of Fig. 5.1a as a positive logic, R-S9 d.c. flip-flop.
tHistorically it is probably true that the name R-S flip-flop arose from
the presence of SET and RESET inputs to the circuit. However, nowadays
other types of flip-flops have SET and RESET inputs but do not respond to
them in quite the same way as do R-S flip-flops. Consequently the name
R-S has the functional meaning given above.
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The second type of logic inputs shown in Fig. 5.1(a) and label
led SA, RA form R.T.L. NOR gates with transistors 2Ί and Γ2.
Their action is the same as the R.C.T.L. inputs and they com
prise an alternative form of construction.
Figure 5.1(b) shows a. positive logic, pulsed, R-S flip-flop. It
has two logic inputs SA, RA as well as two pulse or trigger in
puts pAl9 pA2. The voltage levels applied to the pulse inputs are
the same as for the logic inputs and the same as outputs A and Ä9
namely about Ecc (6 V, for example) and about zero volts.
The pulse input circuits excite theflip-flopwhen the applied input
voltage changes from positive to zero. The diode-capacitorresistor arrangement which connects a pulse input to the base
of a transistor is called a pulse steering circuit. Its operation can
be understood as follows. (Ignore DRA and DSA for the moment.)
Suppose SA and RA are both at zero volts, then nodes g i and
Q2 will also be at zero volts so that a negatively going voltage,
from +6 V to zero (if Ecc = 6 V), applied to either pA1 or pA2
will be blocked by the diodes. But suppose SA is driven to +6 V,
(whilst pA1 is held at +6 V) the voltage of Q± will also rise (with
time constant CS1RS^) to about 6 V. Now when pA1 is driven
rapidly to zero volts the diode will conduct and ßi will follow.
This negative going step will pass through capacitor CS1 to the
base of Γι and will therefore turn T± off. Thus when SA is held
at +6 V, output A goes to +6 V, output Ä goes to zero volts
and the circuit switches to the "1" state. Similarly if RA only is
driven to +6 V, ß 2 will follow with time constant CS2RS2, and
now if the pulse input pA2 is driven from +6 V to zero, T2 will
be turned off and the circuit switch to the "0" state.
Thus the logic inputs do not cause the circuit to switch, they
predetermine the direction the circuit will tend to switch next
time a negative-going voltage step (from Ecc to zero) is applied
to the pulse inputs.
If both logic inputs are held positive, and a negative-going step
is applied to both pulse inputs together, the next state will be
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indeterminate since both transistors will be driven off momen
tarily and this is an unstable condition. This drive condition must
therefore be avoided. The possibility of an indeterminate state
when both logic inputs are driven positive identifies the circuit
as a positive logic, pulsed, R-S flip-flop.
It is not, of course, necessary to drive both pulse inputs togeth
er. If both logic inputs are held at +6 V but the negative-going
step is applied to only pAV 7Ί only will be driven off and the
next state will be clearly specified. This kind of pulse gating can
be achieved by connecting additional diodes in parallel with the
pulse input diodes. If any one of these is clamped to zero volts
then a negative going step on pA1 (from 6 V to zero) will be
blocked.
Thus two quite distinct methods of controlling the penetration
of pulses to the transistor are available, namely pulse steering
by applying logic voltages to SA or RA9 or pulse gating via addi
tional diodes at the pulse inputs.
In addition it is possible to add direct inputs to the bases of the
transistor through DSA, DRA (in Fig. 5.1(b)) and so drive the
circuit by voltage levels (as in the d.c. flip-flop) rather than by
transients.
Evidently it is possible to predetermine the next state of a pulsed
flip-flop in a wide variety of ways, and quite complex logic
functions can be realized without additional circuitry. Indeed
so many permutations are possible that some arbitrary limitations
on the available variations are necessary initially. Accordingly in
this book we shall be primarily concerned with the following
techniques.
(1) The logical function, which is to determine the next state
of the flip-flop, will normally be applied by the "logic" inputs
SA9 RA (i.e. pulse steering rather than pulse gating will be used).
(2) Pulse inputs pAl9 pA2 will normally be used as "clockpulse" inputs and so will usually be connected together.
(3) The d.c. inputs to pulsed flip-flops called Direct Set and
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Direct Reset (and labelled DSA and DRA in flip-flop A) will be
regarded primarily as a means of presettingflip-flopsto the "0"
state before the beginning of a sequential operation.
However, examples of the use of separated pulse inputs appear
on pp. 138, 143 and of the use of additional logic inputs appears
on p. 201.
The graphical symbols to be used to represent the two types
of flip-flop are shown in Fig. 5.1(c) and (d). The Set inputs,
labelled SA and DSA, are always associated with putting the
flip-flop into the " 1 " state, and inputs RA, DRA are associated
with putting the circuit in the zero state.
It turns out that the circuit of Fig. 5.1(b) is satisfactory only
for slow-speed operation, or for binary circuits, for reasons which
will now be discussed. As we shall see, it is usual for higherspeed circuits to use more complicated steering circuitry or to
construct negative logic flip-flops.
The Design of Flip-flop Circuits
Consider the d.c. flip-flop of Fig. 5.1(a) with R.T.L. inputs
SA9 RA. The two states are held stable by ensuring that the
conducting transistor is bottomed and that the non-conducting
one is sufficiently cut-off. Consider 7Ί. It must be possible to
bottom 7Ί by the current flowing through either RB1 or the Set
resistor Rs. But when one is holding 7\ conducting the other
draws current away from the base of 7Ί to the collector of a bot
tomed transistor (either T2, or a driving transistor in another
circuit). Thus eqn. (3.13) becomes
Eçç — FgJg(QN)
RLÌ + RBI
J_ VBE(OW~EBB
'
Ώ
K
Xl

Eçç — Fç^(sat)
RLlßmin
. ^gS(ON)— VçEjsat)
*"
Ώ
'
K
S

,c i \
W·1/
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Similarly, for TI to be cut-off, eqn. (3.14)must become

And VBE(oFF) must be a suitable value to cut TI off adequately.
With the R.C.T.L. inputs in Fig. 5.l(a) the terms containing
R, are omitted in eqns. (5.1), (5.2).
With the pulse steering circuits added (and the direct inputs
renamed DRAYDSA) as in Fig. 5.l(b) a transient current may
flow in Rx, and make the cut-off state more difficult to maintain.
This current arises as follows.
When TI is cut-off and input SA is taken from zero to about
Ec, (the positive logic level), a reactive current charging C,,
must flow through R,, C,, and Rxl. But this current raises the
voltage of the base of TI and tends to take TI out of its cut-off
state. Theinitial, and largest, value of this current is about Ecc/Rsl,
so that for Tl to be held cut-off in the circuit of Fig. 5.l(b)

For fast switching R,, must be fairly small necessitating a small
value of Rxl, which in turn requires a small value of R,, (by
eqn. (5.1)) and the circuit soon becomes impracticable. (The
diodes D4, DS in the modified circuit discussed in Appendix B
are included simply to divert this reactive current from Rxl.)
Note that in the binary circuit, described in the next section, TI
is never cut-off when S, is taken positive, so this problem does
not arise.
The problem of this reactive current can be removed by modifying the steering circuits as shown in Fig. 5.2 to produce a
negative logic, R-S flip-flop. Notice that in Fig. 5.2 the capacitor
and diode in each steering circuit have been interchanged as
compared with Fig. 5.l(b). Now, since the base of TI(say) is
always about zero volts, when input RA is taken positive to about
Ecc (the more positive logic level), a negative going edge (of
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magnitude not greater than Ecc) applied to pA1 will be barred
from reaching the base of T2 by a reverse biased diode. On the
other hand, if RA is held at zero volts a negative going edge

S2

♦R<

'

ww-os A

FIG. 5.2. An Eccles-Jordan circuit with pulse steering circuits added to
produce a negative logic pulsed flip-flop. (Direct inputs also shown.)

applied to pA1 is transmitted by the diode to the base of T± turn
ing the transistor off.
Thus when the logic input is at the more negative of the two
logic levels a pulse is allowed to reach the transistor. If both logic
inputs are at zero together, pulses can reach both transistors so
that the resulting stable state may be indeterminate. Thus this
circuit is a negative logic, R-S, flip-flop. (R-S because it has an
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indeterminate state, negative logic because this indeterminate
state occurs when both logic inputs are at the more negative level,
zero volts in this case.) Notice that the reset input RA is now con
nected to the transistor whose output is labelled A.
The reactive current involved in charging Cs through Rs now
flows in the pulse generator, so for the cut-off condition the last
term of eqn. (5.3) is replaced by the much smaller reverse current
of a diode. The disadvantage of this circuit as compared with the
positive logic one of Fig. 5.1(b) is that it is not so easy to gate the
input trigger by just adding input diodes. Note too that the direct
inputs DSA9 DRA are still excited by positive voltage levels (i.e.
with DSA and DRA both at zero, no change occurs), so that one
type of input uses positive logic, whilst the other uses negative.
Thus, using npn transistors, pulsed R-S flip-flops using three
basic types of pulse steering are available
(1) Positive logic with simple circuitry and pulse gating, but
slow-speed working, except for binaries.
(2) Positive logic with more complex circuitry, pulse gating
and high-speed working. (Various types of pulse steering are
commercially available.)
(3) Negative logic without pulse gating but with simple cir
cuitry and high-speed working.
The complements of these are, of course, available using pnp
transistors.
Examples of all types are available commercially although the
common need for high-speed operation tends to favour alterna
tives (2) and (3).
For simplicity of explanation this book will continue to discuss
positive logicflip-flopswhich require negative going trigger pulses
(i.e. which use npn transistors). It will be assumed that adequate
pulse steering circuitry is being used, such as that described in
Appendix B.
Finally, the reasons should be understood for always using a
negative-going trigger to drive npn transistors off rather than a
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positive one to drive them into the conducting state. The prin
cipal reason is that with the steering diodes reversed in Fig. 5.2
the pulse steering circuits could not work. With additional
circuitry this difficulty could be overcome but the second reason
would still apply, namely that the transistor when conducting
offers a relatively low impedance and so loads the trigger source
more severely.
Later we will be considering the use of gates to control the
voltage levels reaching the logic inputs. In such cases, particularly
when D.T.L. is being used, it is usual to remove the steering
resistors Rs and replace them by diode gates, as for example in
the circuits shown in Appendix B.
The Binary
In order to illustrate the points made so far in this chapter,
the design of the simplest of all sequential circuits will be briefly
discussed. This circuit is the binary. When driven by a square
wave input its output is also a square wave but of only half the
repetition frequency of the input.
The Binary Using Pulsed Flip-flops
Using pulsed flip-flops the circuit is constructed as shown in
Fig. 5.3(a). The set input SA is taken to the Ä output and the
reset input RA to the A output. This will ensure that the next
triggering edge of the clock pulse waveform will always be steered
to the base of the conducting transistor to turn it off. (In the
physical circuit this means that the logic inputs of a positivelogic, pulsed flip-flop made of npn transistors are cross connected
to the opposite outputs, whilst a negative-logic one has its logic
inputs connected to the adjacent outputs.)
The circuit will only operate up to a clock pulse repetition fre
quency of the order of l/CsRs because there must be sufficient
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time between triggering input edges for the potentials of the
steering circuits to approach their correct levels. Thus for rapid
switching the delay introduced into the circuit by Cs, Rs must
be small.
One way of decreasing the effective time constant CSRS is to
shunt Rs with another diode as shown dashed in Fig. 5.2. Thus
when RA falls to zero, Q\ now follows much more rapidly in
preparation for the next pulse applied to pAV
A Ä

M
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Clock a
FIG. 5.3. A pulsed flip-flop used as a binary.

However, some delay in the circuit is essential. It is not possible
to obtain binary action by connecting the Set and Reset inputs
of a d.c.flip-flopback to the A and A outputs. This just sets up a
half-on, half-off bias condition in both transistors. The delay
introduced by CS9 Rs allows a new state at the output of the cir
cuit to be set up before the input steering circuits are altered.
Thus the change in the output only affects the next input pulse.
Cs and Rs also differentiate the input waveform so that the
circuit responds to negative going edges in the input waveform
rather than to particular voltage levels. In this it differs from cir
cuits which use d.c. flip-flops.
The Binary Using d.c. Flip-flops
The differentiating and delaying functions of the capacitors Cs
in the pulsed flip-flop are not available in the d.c. flip-flop, con
sequently the circuit must first be designed to respond to voltage
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levels rather than to transients, and in addition the delaying
function of the capacitors in the pulsed flip-flop must be obtained
in some other way.
The delay is most readily achieved by means of a second
"slave" flip-flop which receives the setting of the "master"
flip-flop when the driving waveform, x, is in the "0" state, say.
The setting of the slave is then used to control the master flipflop when Λ: returns to the " 1 " state again. Thus the levels, rather
than the edges, of the input cause the switching, and the interval
between level changes in the input waveform defines the delay.
Two versions of this master-slave arrangement of a binary are
shown in Fig. 5.4. (Which flip-flop is called the master and which
the slave is quite arbitrary.)
Since positive logic d.c. flip-flops are being used, the input x
must be inverted so that x becomes a positive voltage level which
can be used to excite gates whenx= 0. It can be seen that in both
binaries each flip-flop drives the other via gates which are acti
vated by either x or x.
The equations for the input gates driving the d.c. flip-flops
will be derived in Chapter 7. Here they are simply quoted with
out proof.
SA = xB
RA = xB

SB = xA,
RB = xÄ.

Using AND gates the circuit is constructed as in Fig. 5.4(b).
Using NOR gates (which produce the AND function of the com
plements of the inputs) the circuit is constructed as in Fig. 5.4(a).
Thus binaries can be made from both d.c. and triggered flipflops. The extra complexity of the d.c. binary brings as compensa
tion a greater inherent switching speed since the only delays are
the transistor switching times, and a greater ease of construction
in integrated form since the capacitors of the pulsed flip-flops
have been eliminated. For maximum speed, however, "speed-up"
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capacitors may still be desirable in parallel with the base driving
resistors. Alternatively two or three series diodes in place of the
resistors are sometimes used.(17)
Modified Flip-flops
Flip-flops which do not respond to their logic inputs in the
same way as R-S flip-flops can readily be constructed and were

■:_Π_Π_Π_Τυ"

*:-rL_ri_r
·:_ΓΊ_ΓΊ_

(0
FIG. 5.4. The master-slave binary using two d.c.flip-flops,(a) Together
with NOR gates; (b) together with AND gates and an inverter; (c) the cir
cuit waveforms.

BISTABLE ELEMENTS FOR SEQUENTIAL CIRCUITS

131

first identified by Phister.(18) In theory there are over 100 possible
logical arrangements of input and output, but here we will
only consider configurations which remove the indeterminate
state of the R-S flip-flop which occurs when both inputs have
been excited. To begin with only pulsed flip-flops will be discus
sed. Table 5.1 shows the logical function of five different types
of pulsed flip-flop. Qn is the state of the flip-flop after the nth
trigger input (or clock pulse) and Qn+* is its state after the (n +1 )th
trigger.
TABLE 5.1. SOME MODIFIED PULSED FLIP-FLOPS
Qn + l

Logic inputs
Set

Reset

0
0
1
1

0
1
0
1

Types of flip-flop
R-S
Qn

0
1
?

s

R

Qn
0
1
1

Qn
0
1
0

J-K
Qn
0
1
Qn

E
Qn
0
1
Qn

Where the R-S flip-flop is indeterminate (indicated by the
question mark), the "S" flip-flop goes to the " 1 " state, the "R"
flip-flop goes to the zero state, the "J-K" flip-flop changes state,
and the "E" flip-flop stays where it was. For all other inputs the
flip-flops are identical.
Two types of pulsed flip-flop with only one logic input are also
of importance. The "Γ" or Trigger flip-flop is, in effect, a J-K
flip-flop with its Set and Reset inputs connected together. The
"D" or delay flip-flop merely adopts the state of its logic input
when the trigger pulse arrives. Table 5.2 is the Truth Table for
these two flip-flops, Y is the single logic input.
It is also possible to construct pulsed flip-flops with more than
two logic inputs. One of importance is the R-S-T flip-flop which
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5.2

Input

ß

Y

il rpiì

0
1

Qn
Qn

»4l

"D"
0
1

has the Set and Reset inputs of the R-S flip-flop as well as the
input of the "Γ" flip-flop.
The significance of these various pulsed flip-flops in the design
of sequential circuits is discussed later (see p. 180).
With d.c. flip-flops the range of possibilities is much more
limited than for pulsed flip-flops unless the flip-flops are taken
in pairs in the master-slave arrangement described for the binary.
This is partly because it is generally not possible to arrange for
the output of a d.c. flip-flop to control its own inputs without
danger of oscillation. This means that any of the modified pulsed
flip-flops described above which include Qn amongst its (« + l)th
state cannot be realized in any straightforward way with single
d.c. flip-flops. Thus the "J-K" and "Γ" flip-flop arrangements
are excluded. They are, however, easy to construct as masterslave circuits and are readily available in this form (see Chapter 7).
Similarly the Delay (D) flip-flop can only provide a delay
equal to the propagation delay of the flip-flop, unless it is made
in either the pulsed or master-slave form, or unless a monostable
multivibrator is used. Delays as short as the propagation delay
of a d.c. flip-flop are often insufficient to avoid timing troubles.
Finally the Eflip-flopcannot be made to work reliably, except
in master-slave form, since the excitation of both its inputs gives
rise to a critical race condition (to be explained later).
Thus the only types available in true d.c. form are the R-S9
S and R flip-flops. Others have to make use of the master-slave
arrangement, or some other delay mechanism.
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The construction of all these various flip-flops is too large a
subject to be discussed here in detail, but it is clear that it is always
possible to construct them from an RS flip-flop (d.c. or pulsed)
together with combinational circuits on their logic inputs, as
indicated in Fig. 5.5.

-il<ψ
sz

Rz

Gates

Gates

S

R

F-T

FIG. 5.5. A simple arrangement for constructing modified flip-flops.

The gate circuits shown in Fig. 5.5 have to be designed to obey
the following logical equations :
S' =
R' =
S' =
R' =
S' =

SR 1
S' = SZ
"E"
} ■ J-K"
R' = RZ
SR j
S 1
S' = YZ I <trrn>
"S"
R' = YZ
RS J
Y
R' = 7
'D'

Y is the single input formed by connecting S, R together. The
inhibit gates of Fig. 4.15 can be used at the logic inputs of the
E flip-flop.
If the complements of the inputs are available a J-K flip-flop
requires only a NOR gate at each logic input.
A particularly simple pulsed D flip-flop is shown in Fig. 5.6
in which the steering circuits of positive and negative logic flipflops are combined. But note that the d.c. designs of the two halves
differ (see p. 124).

134

TRANSISTOR SWITCHING

Mixed logic arrangements, along the lines of Fig. 5.5, can also
be constructed ; that is the central R-S flip-flop could be a nega
tive logic one, whilst the logic inputs S9 R to the modified flipflop use positive logic. The use of these modified flip-flops in
sequential circuits is discussed in Chapter 7.

FIG. 5.6. A practical delay flip-flop with positive and negative pulse
steering on the transistor bases.

CHAPTER 6

The Design of Sequential Circuits
Introduction
The design of sequential circuits consists primarily of deter
mining what interconnections between combinational circuits,
switches and flip-flops are sufficient to achieve some specific
sequential function. As with all design problems there are many
possible solutions and the problem is to choose the best in a
particular application. We have already considered many differ
ent types of combinational circuits which differ as to speed,
noise immunity, temperature range, cost, etc., and the specifica
tion of the required function determines, to some extent, which
type of combinational circuit to work with. But even given the
type of circuitry to be used there remain many alternative ways
of interconnecting them. The purpose of this chapter is, therefore,
to describe a systematic technique for arriving at reasonably
economic solutions of simple design problems.
The subject is only complex in that there is a large number
of possibilities to keep under control, each one being straight
forward in itself. The procedures will therefore be introduced
through a simple worked example and followed by a more gene
ralized treatment with examples. For a more thorough and com
prehensive treatment, the reader is referred to the original papers
by Huffman, Mealy and Moore and to some of the larger text
books on the subject.(18)
The first choice which has to be made in designing sequential
135
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circuits is whether to use pulsedflip-flops,d.c.flip-flops,switches
or simply feedback connections as the means by which memory
is introduced into the circuit. The properties of each method will
emerge as we proceed, but in general it is true that design is sim
plest using pulsedflip-flopsand most complicated using d.c. feed
back. We will therefore start with pulsed flip-flops.
It is assumed that the input to any sequential circuit comprises
one or more binary signals, to be given the names xl9 x2, x3, etc.,
and that the output consists of one or more binary signals to be
given the names Zi, Z 2 , etc. The steps in the process of design
are as follows:
(1) Draw the Sequence Diagram (sometimes omitted).
(2) Draw the Sequence Chart or State Excitation Map.
(3) Remove redundancy, if any, and merge rows where pos
sible, thus forming the Reduced Excitation Map.
(4) Assign the rows of the Reduced Excitation Map to "Secon
dary Circuits". This is usually called state assignment.
(5) Compile an Input Excitation Map.
(6) Derive minimal Boolean equations defining the inputs to
the Secondary Circuits.
(7) Compile the Output or Z-map, and obtain Boolean equa
tions for the required output.
(8) Implement the functions represented by the Boolean equa
tions in hardware.
To give some meaning to each of these steps some simple but
important examples will be described in some detail.
The simplest sequential circuit is, of course, the binary, which
has already been described. It recognizes the sequence of two
voltage levels, or changes of voltage, in the input waveform. Here,
as an example, we will consider how to interconnect flip-flops,
etc., in order to produce a decade counter. Counters to a different
radix can be designed similarly.
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Decade Counters using Triggered Flip-flops.
(a) Sequence diagram. In order to count up to ten it is evident
that ten distinguishable states are needed so that the sequence
diagram is particularly simple, as shown in Fig. 6.1(a). The states
are numbered 0 to 9 corresponding to the count of the input,
and the arrows show the transitions between states.
(b) State assignment. The ten states 0 to 9 can be represented
by the combinations of not less than four binary digits, i.e. by
four flip-flops, which we will call A, B, C, D. There are many
codes which can be used to express decimal numbers in binary
digits, three of which are shown on p. 98. With pulsed flip-flops
the circuitry presents no design hazards for any kind of code.
Accordingly, we will use the most common, namely, the simple
binary code, in which the digits of the code have specific weights,
1, 2, 4, 8, and from which decimal numbers can readily be ob
tained as outputs, if required.
The State Assignment Map, in which states in the sequence
are assigned to settings of the flip-flops, is now drawn, as in Fig.
6.1(b). Thus, for example, the seventh input pulse to be counted
excites state 7 which appears in the map element 2), C, B, A =
0, 1, 1, 1 (i.e. the decimal number 7).
(c) State excitation map. The state excitation map shown in
Fig. 6.1(c) tabulates the next states of the circuit to be excited.
That is the change from each state which must result from the
arrival of the next pulse. In the case of counters this map is some
what trivial since each decimal number is merely increased by
one with respect to the map of Fig. 6.1(b), apart from state 9
which must return the circuit to state 0.
(d) Input excitation map. The changes recorded in Fig. 6.1(c)
are now interpreted as drive conditions to the flip-flops A, B9 C,
D as shown in Fig. 6.1(d).
In this map the four possible entries (for flip-flops A, B, C, D
respectively) have the following meanings:
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FIG. 6.1. The design of a decade counter, (a) The sequence diagram;
(b) the state assignment map in which each state is assigned to a combi
nation of settings offlip-flopsA, B, C, D; (c) the state excitation map
showing the next state to be excited for each prior state; (d) the input
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If the state of the flip-flop must be changed the fact is recorded
by a capital letter. Capital S means that the flip-flop must be
set, an R means it must be reset.
If the state of the flip-flop must not change, then a choice of
drive conditions is possible. One possibility is to excite neither
input; the other possibility is to drive the flip-flop towards the
state it already occupies. (If it is already in the " 1 " state, the
set input can be excited, whilst if the circuit is already in the zero
state the reset input can be excited). Since these drive alternatives
are optional they are entered as lower-case letters, s or r.
Thus in Fig. 6.1(d) the first entry Srrr means that the Set input
of flip-flop A must be excited, whilst the reset inputs of flip-flops
B, C, D can be excited if it is convenient to do so. The entry Srrr
is deduced from the fact that state 0 which is 0000, changes to
state 1 which is 1000. Similarly, the change from state 7 to 8,
for example, involves changing all flip-flops simultaneously.
The blank elements in the map apply to states that can never
occur.
(e) The Boolean equations. For convenience the map of Fig.
6.1(d) is split into four separate maps, one for each flip-flop
as shown in Fig. 6.1(e). The entries now specify under what con
ditions each flip-flop must Set, Reset or stay as it was. To ensure
that the flip-flops behave as specified eachflip-flopmust be driv
en by gates whose Boolean equations contain the information
held by these entries. Thus, grouping the capital *S"s together with
any convenient lower case s's and blanks, and the IVs together
with any convenient r's and blanks for each flip-flop, the drive

excitation map in which the state excitation is interpreted as inputs
to the flip-flops; (e) separate excitation maps for each flip-flop from
which Boolean equations are derived; (f) the schematic circuit diagram
of a synchronous decade counter using four flip-flops andfiveAND
gates; (g) the schematic circuit diagram of an asynchronous decade
counter, using four flip-flops and one AND gate.
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conditions for each flip-flop become
SA = Ά SB = ABB; Sc = ABC SD = ABC;)
RA = A RB = AB; Rc = ABC RD = AB, J

(6.1)

Circuit Realization
There are two principal ways of realizing this decade counter
in practice.
(1) The first involves synchronous working in which all flipflops which change state do so simultaneously.
The counter can be constructed by wiring flip-flop A as a bi
nary, and by connecting a two- or three-input AND gate to each
logic input of the other flip-flops, as shown in Fig. 6.1(f) (where
the AND gate inputs obey eqns. (6.1) and are connected back to the
appropriate outputs). The input pulse train, which is to be connect
ed, is applied to the pulse inputs of all the flip-flops in parallel,
as if it were a clock pulse, so that all are triggered together.
This is the fastest circuit arrangement, but it uses more compo
nents than are necessary.
(2) Counters using asynchronous working can also be made,
in which some flip-flops are triggered by the outputs of others
rather than by the input pulses.
It can be seen from the maps of Fig. 6.1(e) that apart from two
exceptions each flip-flop changes when the previous one resets.
The exceptions to this are: (a) B does not change as A resets when
state 9 changes to 0; (b) D resets when 9 changes to 0 even though
C does not reset at this transition.
Thus each flip-flop can be connected as a binary and each used
to drive the next in line, provided the exceptions are dealt with
separately, for example as follows:
(i) The Boolean equations for the control of flip-flop B are,
from eqn. (6.1),
SB = ABD, RB = AB.
(6.2)
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But now, since B is being driven by the resetting of A, it follows
that before B can change, A must be in the " 1 " state. Thus eqn.
(6.2) can be reduced, without error, to
SB = BB,

RB = B.

(6.3)

(ii) By a similar argument, it follows from eqn. (6.1) that flipflop D can be driven by the resetting of A, provided the logic
inputs obey the eqns. SD = BC9 RD = B.
Alternatively, it can be seen that flip-flop D is reset on the
first occasion that A resets following the setting of Z>. Thus, if
pulse input pD2 of D is driven by the output of A, and pulse
input pD1 by the output of C, and if D is connected as a binary,
the required behaviour will be obtained.
The circuit for this last type of decade counter is shown in
Fig. 6.1(g). It is slower than Fig. 6.1(f) since the circuits change
in sequence instead of all together. Furthermore, its design depends
upon recognizing a certain pattern of behaviour. However, any
counter using the simple binary code should show significant
economies in one of these serial forms.
The waveforms appearing at the outputs A, B, C, D of both
these decade counters are shown in Fig. 6.2(a). (The slight delays
between the instants at which the flip-flops switch in the asyn
chronous circuit have been ignored.) It can be seen that the coun
ter consists of a binary followed by a scale-of-five counter.
It should perhaps be emphasized that the circuit shown in
Fig. 6.1(g) applies toflip-flopswhich use positive logic and which
are triggered by negative going edges, or vice versa. Positive
logic flip-flops which are triggered by positive going edges (e.g
those containing pnp transistors) will have their pulse inputs
driven by the complemented outputs of the previous stages.
A number of logic systems available commercially use mixed
logic. That is the flip-flop is in the " 1 " state when its primary
output is positive (i.e. positive logic at the output) but its logic
input is excited by a zero voltage input (i.e. negative logic at the
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input). In such cases the AND gate in Fig. 6.1(g), giving SB = SB,
must become an AND gate giving a positive logic input of SB = BD
to ensure the correct logical behaviour. Also in such systems the
other Set inputs must be connected to uncomplemented outputs;
the opposite of that shown in Fig. 6.1(g). This intermingling of
significant logic levels can be very confusing initially, so it will
not be discussed further in this introductory book.
By using different decimal codes it is possible to achieve decade
(or other) counting using a variety of different circuits. A very
common circuit uses the following property of a straight binary
counter:
At some point in any straight binary counting sequence, all
theflip-flopssave the most significant are in the "1" state. At the
next pulse the most significant flip-flop changes to the "1" state
and all the others switch to "0". Thus, for example, 0111 becomes
1000 at count 8. Now in an asynchronous counter each flip-flop
drives the next one to it as it changes to the "1" state, so that the
most significant digit changes last (as the pulse ripples through
the counter) although the whole sequence is very rapid. This
being so the change of the most significant flip-flop can be used
to change back again some of the earlierflip-flops,thus in effect
omitting some of the numbers in the counting sequence. To turn
a four-stage binary counter (normal count of 16) into a decade
counter, six counts must be omitted. Consequently flip-flops
B and C, whose weights are 2 and 4, must be switched back again
as shown in Fig. 6.2(c).
For best operation separate pulse steering circuits for the for
ward ripple and the feedback are needed, so that the flip-flop
can be set again very soon after it has been reset. The logic in
puts of the second steering circuits are taken directly to the "1"
level, namely Ecc, so that any negative going edge reaching its
pulse input will cause theflip-flopto go to the "1" state. Thus
if the pulse inputs of B and C are connected to 25, then whenever
flip-flop D goes to the "1" state flip-flops B and C will also be

143

THE ÛESIGN OF SEQUENTIAL CIRCUITS

\

E

\i

0

i

9

4

7

6

0

14
\

A

7 ^ """v
2 3 1
8

9

6

7

(b)

2nd pulse inputs to Β,Ο^.
o

Inputc

kSH

5

(a)

Θ

(

1

3

2

8

o + Er

£
£
K5>€ K5>€ KSH
(c)

FIG. 6.2. (a) The output waveform of the circuits of Fig. 6.1 ; (b) the
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driven to the " 1 " state. In other words after count 7 the state
Olli passes rapidly through 1000 to 1110, in effect omitting counts
8 to 13, as shown in Fig. 6.2(b).
Without the extra pulse steering circuits added to flip-flops B
and C the pulse fed back from D must be delayed sufficiently to
allow the normal steering circuits to recover. This can be done
using simple CR circuits, but a monostable multivibrator gives
a more reliable circuit.
The provision of multiple-pulse steering circuits at the inputs
to flip-flops, as in the counter described above, evidently opens
up another degree of freedom in sequential circuit design. Much
more complex counting sequences can be realized in this way.(17)
Again, the use of such circuits is beyond the scope of this book.
The only two methods for designing counters which can pro
perly be regarded as general methods are, first, the synchronous
counter; this will count to any number in any code and is potent
ially the fastest. The second is the pulse feedback method which
can count to any number, but requires a code translater to obtain
any but its own special code. The logic feedback method also
described requires the presence of special code sequences for it
to operate satisfactorily.

Decade Counters Using Level Sensitive Circuits
With d.c. flip-flops it is the voltage levels that are important,
not the negative going edges of the input waveform. Thus, a series
of ten pulses must be regarded as a sequence of twenty voltage
levels. This rather large number of levels makes the maps and dia
grams too big for convenient explanation. Consequently, rather
than design a straightforward decade counter, a decade counter
comprising a scale-of-five counter followed by a master-slave
binary will be designed. This involves all the problems of a decade
counter as well as introducing the design of the master-slave
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binary referred to earlier (p. 128). (The straightforward decade
counter is left as an exercise for the reader.)
Of course, a decade counter using four master-slave flip-flops
(i.e. eight d.c. flip-flops) can be designed as for pulsed flip-flops.
The counter to be described need only use six d.c. flip-flops,
and the straight decade counter needs only five.

The Master-slave Binary Using d.c. Flip-flop s
The master-slave binary must complete one cycle of operation
in response to two pulses or four voltage levels, x, x, x, x. The
circuit must consequently have four distinct stable states and
four conditions in which it is being driven from one state to
another. The sequence diagram of Fig. 6.3(a) again represents
the stable states by circles with numbers in, and the transitions
by arrows.
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FIG. 6.3. The design of a master-slave binary, (a) The sequence dia
gram ; (b) the sequence map orflowchart ; (c) the state assignment map ;
(d) the input excitation map; (e) the separate input excitation maps,
one for each flip-flop.
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The information contained in the diagram can be put into the
sequence chart (sometimes called the flow chart) of Fig. 6.3(b).
This chart must be interpreted as follows: stable states are indi
cated by a circle in the chart. Thus state 1 is stable when the input
is x, but when the input changes to x9 the circuit becomes un
stable (i.e. it is going to change) and the number entered (2 in
this case) is the next required stable state. The unstable state is
normally very brief but it cannot be ignored.
With pulsed flip-flops all states were stable and changes of
states were brought about by additional input pulses, quite
separate from the logic voltage levels, so there were no unstable
states mapped on Figs. 6.1 and 6.2. Here, however, the input
levels both determine the input logic state and also initiate changes,
so that a circuit can be in a particular state (i.e. with a particular
pattern of voltages) but can either be stable in that condition,
or unstable and about to change.
Since the change x to x is horizontal on the map, and since
the circuit state has not changed until (2) has been reached, we now
regard a row of the map as representing a state of the circuit
which may or may not be stable. Thus the first row of Fig. 6.3(b)
represents a state of the circuit which is stable in column x, but
not stable in column x.
The four stable states of the circuit are now assigned to the
four states of twoflip-flops,or other two-state device. As we shall
soon see, it is not necessary with level sensitive circuits to use
flip-flops to indicate significant voltages in a circuit; switches
or simply feedback paths may be used, and the term secondary
circuits is used to embrace all three techniques.
They are called secondary circuits to contrast them with the
input circuits, sometimes called primary circuits or inputs. Pri
mary circuits carry the inputs, combinational circuits combine
them logically, and secondary circuits are extra connections
which have to be made to store or remember the various different
states through which the circuit must pass. Thus, more correctly,
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the four stable states of the circuit are assigned to the four
states of two secondaries A, B as shown in the state assignment
map of Fig. 6.3(c). For example, the row containing ® is
assigned to ÄB. Notice that the inputs to the circuit are used
to identify the columns and that the states of the secondaries are
associated with the rows.
In this example we are at present using d.c.flip-flopsas second
aries so that using the above assignments together with the
sequence map we now draw the input excitation map of Fig.
6.3(d). The capital letters again imply necessary excitations and
the lower-case ones optional excitations. The stable states, of
course, always involve lower case letters. The input excitation map
of Fig. 6.3(d) can now be split into two maps, one for each flipflop, from which the excitation equations can be derived.
As before, the set input equations are found by grouping the
capital S's together with any convenient lower case s's. The reset
input equations are found by grouping the R's together with any
convenient r's.
SA = xB;

SB = xA;

RA = xB;

RB = xÄ.

(6.4)

These are the equations of the master-slave binary described
on p. 129 and in Fig. 5.4.

A Binary Using Switches or Feedback Paths
The difference between using switches or feedback paths rather
than flip-flops as the secondary circuits A, B in sequential sys
tems is that a switch has to be held in both the ON and the OFF
state by an input voltage (or current) whereas a flip-flop will
remain in either state after the input excitation has been removed.
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In other words, aflip-flopis bistable and a switch is not. In prac
tice, since there are only two input levels, it is sufficient to state
that a switch will be ON unless it is driven OFF (or vice versa).
There is no dangling, midway state.
Thus we can construct a binary using switches, instead of
d.c. flip-flops, from the input excitation maps of Fig. 6.3(e) by
grouping all the S entries together, whether lower or upper case,
to form the Boolean equations for the switch excitation, since
a switch will not stay set if the input is removed. Thus
YA = Bx+Ax,
(6.5)
(6.6)
YB = Bx+Ax.
Since there is only one input per switch, it is called Y rather
than S or R, and since, now, the circuit always resets when the
input is not excited it is not necessary to group the reset entries
in the map.

( c ) hazardous

( d ) hazard
free

flip-flop A

FIG. 6.4. Hazards in sequential circuits, (a) When an output is used to
control its own input, delay in the feedback is usually necessary; (b)
delay in the inversion of x causing possible hazards; (c) groupings
which cause static hazards; (d) an extra group to avoid hazards.

THE DESIGN OF SEQUENTIAL CIRCUITS

149

Now although it is convenient to begin with to think of switch
es with inputs YA, YB9 etc., and with outputs A, B, etc., it
is not necessary to do so. The secondary circuit need only be a
wire, or d.c. feedback path, with YA at one end and output A
at the other, as in Fig. 6.4(a). Obviously, for such a direct con
nection YA = A.
Figure 6.4(a) is the implementation of eqn. (6.5). A similar
circuit would implement eqn. (6.6), and the two together might
be expected to constitute a master-slave binary circuit. In prac
tice, however, such a circuit only works some of the time and is
generally far too unreliable. This is because the instants at which
transients occur in the voltage waveforms rarely occur precisely
at the correct times. For example, as illustrated in Fig. 6.4(b)
if there is a delay between x = 1 and x = 1 there are brief periods
when x = x = 0 and when x = x — 1, and during these periods it is
probable that the circuit will not function correctly. Timing diffi
culties of this kind, which can lead to faulty operation of the
circuit, are called static hazards and must be briefly discussed
now since they affect the design of the master-slave binary cir
cuit. We will consider them in more detail again later.
Static Hazards Affecting the Master-slave Binary Circuit
Consider eqn. (6.5), namely
YA = Bx+Ax.

(6.7)

Suppose that B = A — x = 1 so that the circuit is in stable state
(D (see Fig. 6.3(d)), and YA = 1 too. Now if x changes to x, YA
should remain in the " 1 " state, by eqn. (6.7). But if, temporarily,
x = x = 0, then for this period YA = 0. But if YA = 0, A changes to
the "0" state also, so that when eventually x = 1 it is too late
(Ax 7* 1) and the outputs has inadvertently changed permanently
to the zero state. The possibility of this phenomenon is a static
hazard.
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This particular hazard can be very simply cured, howeverUsing theorem (13) on p. 89 we can rewrite eqn. (6.5) as
YA = (E+x)(A+x)
(6.8)
which can be realized using two OR gates and an AND gate instead
of the converse. Now the presence of the term AS prevents YA
dropping out when x=x = 0. But, unfortunately, this new arrange
ment is hazardous when x = x = 1.
Suppose that A = 0 and B = x = 1. The circuit is in stable
state ® with YA = 0. If x = 1 changes to x=0 (i.e. x changes to
x) YA should remain in the "0" state. However, if temporarily
x = x = 1 then temporarily YA = 1. But if YA = 1 then A = 1 too,
so that when eventually x=0 it is too late ((A+x)?*0) and the
change in YA becomes permanent. Thus the circuit has again
failed to function properly. This is another static hazard, which
arises from the presence of xx in the expansion of eqn. (6.8).
Both these hazards can be removed by the same modification.
Equation (6.7) contains too few terms, eqn. (6.8) too many.
Using theorem (12) on p. 89 we can rewrite eqn. (6.7) as
YA = Bx+Ax+AB.
(6.9)
This avoids both hazards, but includes an extra gate.
Hazards of this type can always be recognized in Karnaugh
maps since they involve the transfer from one grouping of map
elements to another without a change of state, as illustrated in
Fig. 6.4(c).
Figure 6.4(c) is a copy of the entries in the input excitation map
of Fig. 6.3(e) for flip-flop A, except that the stable states have not
been ringed. Treating this as a Karnaugh map, we can group
the s's and *S"s together, as shown by the oval rings or groupings
in Fig. 6.4(c), to form the Boolean equation
Y A = Bx+Ax
as before.
Referring back to Fig. 6.3(b), it can be seen that the two lower
case s's on row 2 correspond to a change from stable state @
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to unstable state 3 (when flip-flop B is being set). And this tran
sition is hazardous because flip-flop A must not change state
as YA is held in the " 1 " state first by Bx and then by Ax (i.e.
from one oval grouping to the other). The hazard is removed by
bridging this hazardous transition with a third (redundant) group
ing shown in Fig. 6.4(d), presenting the Boolean term AB.
Thus the equations for the two secondaries, avoiding hazards
from delays between x and x9 become
YA = Bx+Ax+AB,
YB = Bx+Ax + AB.

(6.10)

These static hazards are the only hazards which normally
affect a binary, although, in general, malfunctioning of the cir
cuit can occur as a result of delays elsewhere in the circuit. Delays
between changes in secondary outputs give rise to critical race
conditions. Delays between changes in the inputs x and changes
in the secondaries (which should be coincidental) can also cause
trouble. These give rise to race-hazards, in particular to the essen
tial hazard identified by Unger.(19) Both critical race conditions
and race-hazards are discussed more fully in Chapter 7.
Equations (6.10) can be implemented using AND, OR, NOT cir
cuits as shown in Fig. 6.5(a). As we shall see later, to avoid the
essential hazard the changes in YA and YB must always follow
the changes in x or x. The points at which some delay is essential
are marked by asterisks. Normally the delay in the cascaded
AND-OR gates exceeds that of the inverter producing x, thus ensur
ing proper operation.
The circuit shown in Fig. 6.5(b) is the master-slave binary
circuit of Fig. 5.4(a) but with the transistors in the two flip-flops
drawn as NOR gates. This circuit has four secondaries, A, Ä, B,
B with inputs YA, YA, ΥΒ·> ΥΒ> though evidently two secondaries
Ä, B are closely dependent on the other two (or vice versa).
That this circuit obeys the same equations as Fig. 6.5(a) can
be demonstrated as follows. The equation for the NOR gate whose
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output is Yß is evidently
Similarly

B+xA.

YB = Β+χΆ.
But since Yg = B (the secondary circuit is a d.c. path),
YB = B+xA + xÄ
= (B+xA)(x+A),
or
7ß = xB+AB+xA,
in agreement with eqn. (6.10). A similar analysis gives the in
puts for Yj and YA.
This illustrates the point mentioned earlier that there are always
many ways of realizing any Boolean equation.

(b)

FIG. 6.5. Level sensitive binary circuits, (a) Using AND/OR logic (if all
gates and the inverters are replaced by NAND gates the circuit is still
correct); (b) the master-slave binary of Fig. 5.4 redrawn as a circuit
involving only NOR gates.
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To complete the level sensitive decade counter we must now
design a scale-of-five counter, first using flip-flops as seconda
ries.
A Scale of Five Counter Using d.c. Flip-flops
The sequence diagram and the sequence chart are simply extend
ed versions of those for the binary as shown in Fig. 6.6(a)
and (b). There are ten secondary states, in this circuit (the same
number as stable states) so four d.c. flip-flops will be needed as
secondaries. We will call them A, B, C, D.
The secondary states must now be assigned to the settings of
theseflip-flopsin such a way as to avoid critical races? that is,
each transition must, if possible, involve the change of only one
flip-flop at a time—including the transition from @ to ® . One
such secondary assignment is shown in Fig. 6.6(c). Each state
number is adjacent in the map to the state which follows it, so
that only one secondary changes at a time. Another suitable
assignment is the Reflected Excess 3 code given on p. 98.
The state excitation map now appears as in Fig. 6.6(d). In
this problem, with four secondaries and one primary input, it
is not possible to have a 4X4 Karnaugh map. The simplest
method is to draw a separate map for each value of the primary
input, x and jc, as shown.
These stable and unstable states are now interpreted as flipflop input excitations. The four entries in each element refer to
the fourflip-flopsin order. The capital letters refer to necessary
excitations, the lower case to optional excitations. Thus in un
stable state 10 (entry srrR) A must remain set, B and C remain
reset and D must be reset.
Next, it is convenient to separate out the maps for each flipflop as in Fig. 6.6(f) from which the Boolean equations for the
t See p. 162 for a full discussion of critical races.
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FIG. 6.6. Design of a scale of 5 counter, (a) Sequence diagram; (b)
sequence chart; (c) secondary assignment—using stable state num
bers to distinguish the states; (d) state excitation map; (e) input
excitation map; (f) separate input excitation maps, one for each
flip-flop.
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flip-flop logic inputs can be obtained by grouping the capital
letters with any convenient lower-case ones of the same sort (i.e.
S's with some s's, IVs with some r's). The equations are:
SA=xBD
SB = XCD
SC = XÄBD
SD =
X(ÄB+AB)9
RA = xBD RB = xAD Rc = xB
RD = x(AB+ÄB)€.
Thus the circuit can be realized with an AND gate on the input
of each flip-flop except D. D requires two AND gates and an OR
gate (or equivalent) on each logic input. (It is inevitable that one
flip-flop changes state four times during the cycle, but it is not
necessarily flip-flop D.)
No static hazards arise using flip-flops as secondaries so that
finally the decade counter is constructed by cascading the mas
ter-slave binary with this scale of five counter.
Using d.c. Feedback Paths as Secondaries
The maps of Fig. 6.6(f) can also be used to derive the gates
involved when d.c. feedback paths are used. In this case, all the
set entries, lower or upper case, have to be grouped together.
To avoid static hazards, redundant, overlapping groupings are
needed to hold the secondaries in the " 1 " state when the circuit
state is changing, but when the secondary state is not. Thus the
excitation equations for the counter become
YA = xBD + xAD + xA + AB.
(The last term covers the change © , 8, (§).)
YB = BD + xB+xC+BÄ.
Yc = xÄBD+xC+ÄBCD.
(The last term covers the change (§) to 4.)
YD = xD + x(ÄB+AB)+C+ÄBD + ABD.
(The last two terms cover the changes (2) to 3 and (§) to 9.)
Finally, for correct operation the changes in inputs x or x
must always precede the changes in the secondaries.

CHAPTER 7

Generalized Sequential Circuit Design
THE previous chapter introduced some of the procedures which
are helpful in organizing a circuit so that it will perform a parti
cular sequential operation. In this chapter we shall generalize
these procedures so that they can be used in more sophisticated
applications than in the design of counters.
We shall not be involved in mathematical proofs of the vali
dity of these procedures since, once stated, their purpose and
validity is clear. The only difficulty associated with sequential
circuit design is the handling of all the possible alternatives which
are available and of organizing them into a useful array of equa
tions. First, therefore, the various possibilities will be summarized
and then the design method will be discussed in detail.
Digit Representation
In general it is not necessary to use voltage levels to represent
the two values of a Boolean variable. Two frequencies, two phases
of one frequency,<20) two states of a magnetic core, etc., can all
be used. The logical design of all these types of circuits is the same,
so we will continue to think primarily in terms of two voltage
levels.
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Secondary Circuits
In sequential circuits it is necessary for distinguishable stable
states to exist in order to indicate that a particular sequence of
inputs has reached the circuit. The circuits used to indicate these
states, or stages in the sequence, are called secondaries. Several
different types of secondaries can be used, namely:
(a) Pulsed (or triggered) flip-flops. These have pulse inputs
as well as logic inputs. The pulse inputs incorporate differentiating
circuits so that they are driven by steps in the pulse input wave
form. The flip-flops only respond to their logic inputs when the
appropriate change occurs at the pulse input.
(b) Master-slave flip-flops. The step in voltage which will
trigger a pulsed flip-flop will also "trigger" a master-slave flipflop, but since the master-slave circuit is a level sensitive flipflop the step has to be regarded as a sequence of two voltage
levels. Thus in effect the differentiating circuit of (a) is replaced
by a simple sequence detector. Otherwise master-slave flip-flops
are the equivalent of pulsedflip-flopsand circuits built from either
do not suffer from any form of race-hazards.
(c) d.c. flip-flops. These are level sensitive, bistable circuits
with logic inputs only. They do not possess the pulse or clock
waveform inputs of the previous types. Circuits built from them
suffer from races but not from static hazards.
(d) Switches or d.c. feedback paths. These are the simplest
form of secondary, but the design procedures using them are the
most involved. Circuits built from them can suffer from all forms
of race-hazards.
It is perhaps worth noting that the larger types of secondary,
such as the master-slave flip-flop is itself a sequential circuit with
internal secondaries of its own.
The main difference between pulsed or master-slave flip-flops
on the one hand, and d.c. flip-flops, switches and feedback on
the other, is the necessity to take into account the fact that the
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logic inputs of the latter type of secondary also cause the circuit
to change state. Thus the design of circuits using d.c. flip-flops
or d.c. feedback is concerned with both stable and unstable states.
Synchronous and Asynchronous Working
When all the secondaries in a sequential circuit are driven by
a clock waveform so that they can only change state at particu
lar well-defined instants, the circuit is a synchronous one. When,
however, some secondaries are driven by the changes of state in
others (and are consequently a little delayed) the circuit is work
ing asynchronously. Synchronous circuits always use pulsed
or master-slave types of secondaries in which the logic is sepa
rated from the clocking waveform.
These then are the various different types of sequential circuit
which can be built. Their efficient design requires techniques which
go beyond those described in the last chapter. For example:
It is not always possible to see intuitively the minimum num
ber of stable states or of secondary circuits needed to achieve
a particular function.
It is not always possible to avoid hazards and critical race
conditions at the state assignment stage of design.
The output requirements from sequential circuits are not always
as simple as those in the previous examples, and the circuit
has to be designed to meet them.
Each of these points will now be discussed in turn.
Sequential Circuit Design
(a) Elimination of Redundant Stable States
Any two states which are equivalent can be regarded as redun
dant and removed. For stable states to be equivalent their out
puts and their stable and unstable states must be the same. Thus
to eliminate stable states the sequence map should be drawn
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together with the required outputs. An example is shown in Fig.
7.1. This is an arbitrary map for a sequential circuit with two
inputs JCI, *2 and two output terminals Zi, Z2. The map is con
structed in a manner analogous to that used earlier for the counter,
and we will return to this topic shortly. Here we are simply con
cerned with redundant stable states, and in this case states (2) and
® are obviously equivalent so that one row of the map or the
other can be eliminated. However, the equivalence of states (2)
and ® means that stable states ® and (3) are also equivalent.
Thus the reduced map of Fig. 7.1(b) results.
3C2 * 1

0

(5)

®

00
I 0
00
I 0
0I
1I
I I

Φ

2

-

Z Z

.

2

6 00
1 © 5 - I 0
- 7 ® 6 01
! - 5 © II
Il ® 5 - I I
(b)

(a)

FIG. 7.1. Elimination of redundant stable states, (a) A sequence chart
together with the required outputs from each condition; (b) with stable
states (D and ® eliminated as they are redundant.

In more complex sequence charts less obvious equivalences
can exist, and the method for finding the minimum number of
stable states can become quite involved. We will not pursue the
problem further here, however (see, for example, Marcus(18)).
(b) Merging
Merging is a procedure which reduces the number of rows (and
secondaries) in a map but does not alter the number of stable
states. Two rows can be merged if there are no conflicting state
numbers in the two rows. Stable states merge with unstable ones,
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of the same number, and become stable in the merged row.
(Blanks in the map may be merged with any state number.)
Outputs from the circuit are not involved in the merging pro
cess. That is, two rows can be merged even if their outputs differ.
This is because output values, which are determined primarily
by the stable states, can be distinguished within one row by diffe
rences in the inputs.

^M\

'2

Jυ

Ι

2 - 6:
<2> 3 - 2 <3> 6
- 2 ® 5
1 - 4
<s>
; 1 - 4 ©]

|(D
1

(a)

|(D © @ 6
1 2 ® ®j
11 - 4 ©
x2 x,

[ω1

2 4

©1

® <5>"el
1 2 Θ
®
(c)

FIG. 7.2. Merging, (a) An example of a sequence diagram; (b) the mer
ger diagram showing those rows (identified by their stable states) which
can be merged (output, Z, values are ignored during merging); (c)
two possible merged sequence charts.

These points should become clearer on consideration of the
example of Fig. 7.2. Figure 7.2(a) shows the sequence chart,
and (b) shows the merger diagram, on which the rows which can
be merged are connected. Three or more rows can only be merged
if each merges with every other. Thus ® © ® merge but (6)
cannot merge with them. @ and ® can merge only if © and ©
are merged separately. Two merged three-row sequence diagrams
are possible as shown in Fig. 7.2(c). Merger diagrams are only
helpful in the simplest of cases. Intuitive judgement is often
needed.
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Race-hazards
Actual sequential circuits do not in general behave as ideally
as we would like. The outputs of gates are delayed with respect
to their inputs; changes in voltages at the outputs of secondaries
may not be simultaneous even though their inputs are; inverters
or buffers will cause delay, and at the highest speeds even the
interconnecting wires may introduce significant delay. Unfortu
nately these various delays do not simply slow down the opera
tion of the circuit, they may introduce functional errors. How
these errors arise, and how they are to be cured, is what we must
now consider.
In practice it is convenient to classify the various types of timing
problem that can occur, since quite distinct solutions to the diffi
culties they cause are usually adopted, although in fact all types
of timing problem are essentially the same. The classifications
are these:
(a) Hazards due to timing differences between the outputs of
secondaries are called races, and if they are likely to cause faulty
operation they are called critical races.
(b) Hazards arising from delays between an input x and its
complement x are called (i) transient hazards if they only cause
faulty working during the period when x = jc = 0orx = x = l, and
(ii) static hazards if this delay results in a permanent error in the
intended sequence of circuit states.
(c) Hazards arising from any other type of timing difficulty
are grouped together under the general heading of race-hazards,
a particularly important type being the so-called essential ha
zard.™
It is customary to arrange the logic so that all races are re
moved or rendered non-critical, to add extra circuitry to prevent
static hazards causing trouble, and to introduce appropriate
delays to handle the rest. Races, transient and static hazards
and the others will now be discussed in turn.

162

TRANSISTOR SWITCHING

Critical Races, Races and Cycles
During discussion of the design of the level sensitive counter
in the previous chapter it was noted in passing that it is possible
for the circuit to operate incorrectly if two or more secondaries
are designed to change state simultaneously, because in practice
one will always be faster than the other and an incorrect ordering
may bring the circuit to the wrong stable state. If the circuit is
designed so that such a phenomenon can occur it is said to possess
a critical race condition.
2

I 12

LL(D
©

(a)

\
(b)

£p

Sr
RS CUD
RR kiM

tei ss
(c)

FIG. 7.3. Incorrect secondary assignment for a binary, (c) shows that
in two unstable states both flip-flops have to be switched, causing a
critical race condition.

A simple example of this can be produced by redesigning the
level sensitive binary. Suppose the state assignment of Fig. 7.3(a)
were adopted instead of that of Fig. 6.3(b). Proceeding with the
design as before leads to the input excitation map of Fig. 7.3(c)
which now contains a capital letter entry for both secondaries
in two elements of the map, indicating that in two places during
the sequence both secondaries must change simultaneously.
Thus in state @ an input change from x to x leads to A being
reset and B being set. If both flip-flops change simultaneously,
all well and good. But suppose oneflip-flopresponds more rapidly
to a change in the input signal than the other. If flip-flop A chan
ges first an intermediate state with both A and B reset will be
reached which, with x = 0, is the stable state ® , so that no

GENERALIZED SEQUENTIAL CIRCUIT DESIGN

163

further change will occur. The circuit will "stick" at ® and never
change to stable state (§) as it should.
On the other hand, if B changes before A the intermediate state
will be with both A and B in the " 1 " state. But this is not a stable
state with input x (it is only stable with input x), and subsequently
A will reset as required.
This possibility of incorrect operation resulting from unequal
switching speeds of secondaries is the critical race condition.
Critical race conditions can be recognized as follows. If in
a map the columns are identified by input conditions, then a cri
tical race condition exists if
(1) there are two or more stable states in a column, and
(2) an unstable state involves the simultaneous switching of
two or more secondary circuits.
Circuits made from pulsed flip-flops do not suffer from race
conditions at all because the delay in the pulse steering circuits
is made much greater than the switching time of any particular
flip-flop, so that in effect all flip-flops change simultaneously.
Evidently the simplest way to avoid critical race conditions
is to assign states in such a way that only one secondary circuit
at a time has to change state. This means that consecutive states
must be assigned to adjacent elements of the state assignment
map, as in Fig. 6.3(b) but not as in Fig. 7.3(a).
But it is not always possible to assign the minimum number
of secondaries so as to prevent two secondaries switching simul
taneously. Under these circumstances secondaries should be
assigned to produce either non-critical races or cycles or both.
If these two techniques fail too, then additional secondaries must
be used.
Non-critical races will not cause faulty operation. They occur
when two secondary circuits have to switch simultaneously, but
when there is no possibility of the wrong stable state being
reached.
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Cycles will not cause faulty operation either. They consist
of sequences of unstable states which allow the required stable
state to be reached without danger of sticking at the wrong one.
They are indicated by arrows on a map.
Figure 7.4(a) shows two columns of a simple sequence map
with only three stable states, namely ÄBx9 ÄBx and ABx. The
state AB is not needed here, but it can cause trouble if not
taken care of; it can, on the other hand, be very useful. The
map reveals two race conditions. In the first column (with input
x) there are two stable states, and both secondaries must be
X X

X
SS

®
©

Ss

RR

■ -

(a)

X

ss
Issi

■

®
-

(b)

sR
sS
(c)

X

X

x
rS

Irr

rr

1rs Ss'|
Uà ss

ss Rs

rR rs

IR?
(d)

(e)

(f)

FIG. 7.4. Races and cycles, (a) A simple sequence chart; (b) the result
ing input excitation map showing two races; (c) solution of the
critical race condition by introducing a cycle and a non-critical race;
(d) solution using two cycles; (e) and (f) alternative solution by
reassignment of secondaries.

reset to get from unstable state 1 to stable state d). (Stable state
(2) is reached from other parts of the map—not shown—involv
ing other inputs.)
If A resets first, stable state (f) will be reached. This is therefore
a critical race condition.
However, in stable state @ when x changes to x, both
secondaries should be set in order to reach stable state (3). This
is not a critical race condition since there is no other stable
state in the x column, although the blank state AB could be
reached and made stable inadvertently by improper grouping.
A solution of both problems without reassigning the secon
daries is shown in Fig. 7.4(c). The critical race has been removed
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by introducing a cycle. Thus when both A and B have to be reset,
B is reset first so that another unstable state ASx is reached.
Here A only resets giving ÄBx without danger of reaching the
stable state ÄBx on the way.
The uncertainty of the xAB state has been similarly removed
in Fig. 7.4(c). The x column containing state (§) now shows a
non-critical race condition. That is, even though in unstable state
ÄBx both A and B are set together, there is no possibility of reach
ing the wrong stable state. Figure 7.4(d) shows the same prob
lem dealt with by introducing another cycle.
Figures 7.4 (e) and (f) show that in fact both problems in this
example can in any case be solved by reassigning the secondary
circuits. Now each unstable state is adjacent to the stable state
to which it is changing.
When neither cycles nor non-critical races can be used to
remove critical races, only two possible courses of action remain.
Either to introduce delay into the circuit so that the secondaries
always change in the proper order to avoid error, or else to intro
duce additional secondary circuits.
Figure 7.5(a) shows a merged sequence map containing two
critical races (3 to (f) and 6 to (§)) and a cycle. (Any reassignment
of secondaries leaves a critical race somewhere in the map.)
Consider first the timing problem. In moving from 3 to (5) it is
necessary to reset A and set B. If B sets first, stable state @ will
be reached and no further change will occur. If A resets first,
unstable state 6 will be reached. In this state both secondaries
are excited, and whether (§) is reached depends upon whether B
sets before A. Since B began to set when A first reset, B is almost
certain to set first now and the required state will be reached.
Thus by ensuring that A resets before B sets, the circuit will
change from 3 to (|) correctly. Similarly, to get from 6 to © A
must set before B. Thus correct operation can be achieved by
ensuring that output B is always delayed with respect to A. (By
a suitable capacitor or by inserting a monostable multivibrator.)
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The second solution is to add another secondary, C There are
many ways of utilizing this additional secondary (see Marcus,(18)
chapter 16). The simplest is to transfer one row (the top one, for
example) to its corresponding place with C—\ instead of C — 0,
as shown in Fig. 7.5(c). The empty row in the map now becomes
part of a cycle in each column, and the critical race is resolved.
CC2
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FIG. 7.5. The resolution of a critical race condition using an auxiliary
secondary C.

Thus races which arise solely from the relative timings of secon
daries can be dealt with by so assigning the secondaries that they
never race one another, or by arranging things so that if they
do race no trouble results (i.e. the right one always wins).
Transient and Static Hazards
Delays between an input x, say, and its complement x can
cause a transient or static hazard.
Transient hazards give rise to the temporary appearance of
unwanted voltage levels during the period of delay between x = 1
and x — 1. They occur when the following kind of equation applies :
(7.1)
YA = Bx+Cx.
If B= C = 1, YA should be held in the " 1 " state continuously as
x changes. But if temporarily x = x = 0 (because x is delayed by
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the inverter that generates it) then also YA = 0 temporarily. YA
will reach its correct value when x does.
Static hazards are transient hazards which lead to a perma
nent, incorrect voltage level. They arise when d.c. feedback paths
(or switches) are used as secondaries and a secondary's input is
a function of its own output. Thus if
YB = Bx+Cx
(7.2)
a static hazard is likely to occur. In eqn. (7.2) if B=C= 1 and x
changes to x after a little delay, YB will fall to the "0" state during
the period for which x=x=0. But with d.c. feedback YB = B,
so that by the time x= 1, Bx=0 and YB remains permanently in
the "0" state—when it should be being held in the " 1 " state.
The cure for such hazards, when they occur in such simple
circuits as those described by eqns. (7.1) and (7.2), is to add the
extra gate according to theorem (12) on p . 89. Thus eqns. (7.1)
and (7.2) become
YA9 YB = Bx + Cx+BC.
(7.3)
Now when x changes to x the secondaries do not fall to the "0"
state.
By considering all values of B, C and x, and all possible tran
sitions of x, it is easy to show that the above transition (when
B=C—\ and x changes to x) is the only hazardous one. And,
of course, faulty operation will only occur if this transition is
indeed part of the intended sequence of states.
If eqn. (7.2) is written as a product-of-sums and constructed
from two OR gates and an AND gate or three NOR gates the hazard
ous transition is a different one. Thus if
YB = (B+x)(C+x)
(7.4)
and if B=C=0 and x= 1, then YB=0. But when x changes to x
there may be a brief period when x=x=l. If there is then YB
will change permanently to the " 1 " state although eqn. (7.4)
is supposed to ensure that it remains in the "0" state. This again
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is the only transition which causes a static hazard, and as before
it can be cured by adding an extra term to the equation. Thus
YB = (B+x) (C+x) (B+ C).

(7.5)

By multiplying this out term by term and omitting xx eqn. (7.3)
can be formed again.
The difference between eqns. (7.3) and (7.5) in practice is that
eqn. (7.3) leads directly to cascaded AND-OR circuits or to two
cascaded NAND circuits, whereas eqn. (7.5) leads directly to ORAND circuits or to NOR circuits. Evidently therefore the incidence
of hazards depends to some extent on the intended form of cir
cuit realization.
Thus the search for hazardous transitions involves, for sumof-product equations, finding two states of the circuit (which are
not contained in one Boolean product term) for which a parti
cular secondary remains in the " 1 " state as the input changes,
and between which a transition is intended to take place. The
cure is to enclose the two states in an extra product term as in
eqn. (7.3), so that when x+Jc = 0, 7 ^ 0 .
For product-of-sums equations the secondary must remain in
the "0" state as the input changes. The cure is to group the two
states in an extra sum term, so that when xx= 1, Ύ^ 1.
Using Karnaugh maps this search is quite straightforward. If
the map is arranged with columns corresponding to inputs and
with rows corresponding to secondary outputs, then changes of
input always involve horizontal transitions in the map—from
stable to unstable states. If a particular secondary is not to change
state, then its state must be expressed by lower case letters in the
map: .s's for the " 1 " state and r's for the "0" state. To ensure
that a transition is not hazardous its beginning and end must be
contained in one grouping or Boolean term. Examples of this
method of finding hazards are to be found on pp. 175 and 229.
The reason why transient and static hazards do not occur when
d.c. flip-flops are used as secondaries should now be clear. A
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flip-flop does not need its set input held in the excited state to
prevent it resetting, so the lower case entries in a Karnaugh map
have no functional significance. They can be used or ignored
according to convenience. Specifically, if eqn. (7.2) were the
equation for the set input to flip-flop B, the output of B would
not reset when jc=jc=0.
Essential Hazards
Even when races and hazards have been appropriately dealt
with as just described, timing uncertainties between inputs and
secondaries can still cause trouble. To analyse this a detailed
transition table can be compiled as suggested by Zissos.(21) The
method is best explained by means of an illustration. Consider
again the race-free, hazard-free excitation equations for the
binary circuit discussed in Chapter 6, namely
YA = Ax+Bx+AB,
YB = Ax + Bx+AB,
for which the circuit is shown in Fig. 6.5(a).
All the changes in the inputs, gates and secondaries during
one complete cycle of the binary are tabulated in Table 7.1, each
row in the table representing one stable state.
The transitions between rows in the table which may be hazar
dous are those in which no change is intended, and for which the
excitation involves changes in opposite directions. Such hazardous
transitions are marked by an arrow. Thus, between rows 1 and
2 the output of gate Ax could go wrong because at this transi
tion A goes from 0 to 1 whilst x goes from 1 to 0. If the output
of Ax is to remain in the zero state it is clear that x must change
before A. This ordering is also marked in the table. The outputs
of gates Bx and AB also must stay in the zero state, but since B
does not change state there is no danger of faulty operation.
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TABLE 7.1
Inputs

State

Gates

Secondaries

X

X

xE

AB

Ax

Bx

AB

A

B

®

0

1

0

0

0

0

0

0

®

1

0

1

1

0
x\ A
0

0

0

1

0

0

1

1

1
x\ B
1

0

®

0
x\B
0

©

1

0

0

0

1

0

0

®

0

1

0
x\B
0

1
x\ A
1

0

0

0

0

0

0

—YA
—^_:

-

~TT

Similarly, working through the table, four other hazardous
transitions are to be found. Of particular interest are the tran
sitions in the secondaries. The state of each secondary is deter
mined by the outputs of three gates, as indicated at the bottom
of the table (A = YA, B = YB). Thus, for A to remain in the " 1 "
state during the transition between states (2) and (3), Ax must
change to the " 1 " state before the fastest of xB or AB changes to
the zero state. Thus, as shown, x must change before B. However,
if the gate AB were not included, x would have to change before
x, which is impossible, assuming, as is normal, that x is derived
from x by means of an inverter. This is the static hazard we noted
previously and its presence was the reason for including the gate
AB. Notice, however, that in the absence of the gate AB, the
condition for B to remain in the 1 state between states (3) and ®
is that x must change before x. Only if long leads delay x but
not x, will x fail to change before x. So normally the gate AB
is superfluous. But without detailed timing information this was
not easy to see. With the term AB included, the timing require
ment is relaxed and it is only necessary for x to change before A,
as shown in Table 7.1.
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The conclusion from this table is, that changes in both the
input and its complement must precede changes in the secon
daries. The only transitions in the circuit where this could not
occur are when x must precede A, or when x must precede B.
Both x and the secondaries are delayed with respect to x, so
the requirement is that the inverter must be faster than two stages
of gating.
More generally it must be concluded that there is an ordering
of events which must be obeyed if a sequential circuit is to func
tion correctly. The circumstances in which mistiming of this kind
can cause trouble are known as essential hazards after Unger's
investigations. Unger showed that an essential hazard can always
be cured by the inclusion of sufficient delay in the appropriate
part of the circuit.
Outputs and the Z-map
In any sequential circuit design the original sequence map
should carry the information regarding the output required from
each stable state. In the final, merged sequence map these stable
states may have become intermingled so it is now necessary to
draw another map—the Z-map—which displays the required
outputs.
Consider the example of Fig. 7.2(a) reproduced in Fig. 7.6(a).
One final merged map with secondary assignment and containing
no critical races is shown in Fig. 7.6(b). (The maps of Fig. 7.2(c)
both contain critical races, as we can now see.) The outputs shown
in Fig. 7.6(a) for each stable state can now be marked on a new
map, as shown in bold lettering in Fig. 7.6(c).
We now have to assign outputs to unstable states according to
the following principle:
Each unstable state marks a transition from one stable state
to another—possibly via a cycle—so to avoid transients in the
output the unstable state must not introduce unnecessary changes
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in the output (unless the transients are actually required to give
outputs.) For example, if two stable states have the same output,
so too must the unstable states between them.
Using the notation Ζφ for the output from stable state (J), and
Zn for the output from unstable state n9 we can now consider each
o
en

©
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-

6

<D 3 - 2 ® 6
- 2 © 5
1 - 4 ©
l i - 4 ®\
1

3-2

©
1

x

2 4
J© a

®©6 b

1 2

<§*<D c
4

Ί

(b)

y. 2

i

4

X.
AI

0

0

0

0

0

?

X

l

1 1
0 ?
1 0
1

(c)

(a)

FIG. 7.6. The output and the Z-map. (a) A sequence chart; (b) the
merged sequence chart; (c) the output to be obtained from each state
of the circuit.

unstable state in Fig. 7.6(b), noting how it arises by inspecting
Fig. 7.6(a).
Row 1: 2 comes from (l); Ζφ=Ζ@=0; so Z 2 =0.
4 comes from © ; Z@=Z<®=1; so Z^=l.
Row 2: 1 comes from © ; Ζ@=Ζφ=0; so Zi=0.
6 comes from ® ; Ζ©=0, 2©= 1 ; so Ζβ is optional.
Row 3 : Zi must agree with Ζχ in row 2, but 1 ; comes from
Z®, so Zi=0.
2 comes from ® ; Z@ = 1, Z@ = 0; so Z2 is optional.
Row 4: Z4 must agree with Z 4 in row 1.
Thus the map of Fig. 7.6(c) can be drawn. The optional
entries are resolved by finding which values give the simplest
output groups. Thus with both put to zero and with the secondary
assignment shown,
Z = xi(B+Ax2).
(7.7)
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Alternatively, with one optional entry put to " 1 " and the other
to zero, a slightly simpler expression results, namely:
Z = Ax2+Bx!.

(7.8)

The Master-Slave J-K Flip-flop
An important but simple illustration of some of the techniques
described in this chapter is the design of the master-slave J-K
flip-flop.
The problem is to design a circuit which is driven by a clock
waveform, x9 in a manner determined by two logic inputs R',
S". If neither logic input is excited the state of theflip-flopremains
unchanged when the clock voltage changes; if R' only is excited
the circuit goes to the zero state; if S" only is excited the " 1 "
state results and if both S" and R' are excited together the circuit
changes state.
The following sequence of events will be assumed. That when x
changes to x a new stable state results but no change in output
occurs. That when x changes to x, the circuit again changes state,
followed by a consequent change in output voltage and (since
the inputs R'9 S", are driven by other circuits' outputs) by a
change in logic input voltage. Thus the change x to x always pre
cedes the changes of output or of logic input. The change x to x
only causes the internal state to change.
Since the circuit has three inputs, a sequence map of eight
columns is needed, together with a ninth to specify the output, Z,
as shown in Fig. 7.7.
There seems no obvious reason why the circuit should not be
stable with any input combination and with either output state.
Thus sixteen possible stable states are first marked into the map
as shown by the circled numbers in Fig. 7.7(a). It is next necessary
to consider each stable state in turn and to mark the sequence
of events which can follow.
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Starting at stable state (3), for example, x changes to x, but no
logic inputs change. Thus the state moves, on the same row, to
unstable state 7 and then settles to stable state © with no change
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FIG. 7,7. The design of the master-slave J~K flip-flop.

The Z map
(e)
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in output. Now when x changes back to x the output Z has to
change (because both S' and R' are excited in state (5)). Thus the
next stable state is @, not 3. Finally after x has changed to x,
the logic inputs may change in readiness for the next clock wave,
so the circuit may move to states (9), ® or @ via 9, 10, 12, with
out further change of output, depending on whether the next
logic inputs are respectively R'S\ R'S' or S'R'.
The complete statement of all possible sequences of events is
shown in the map of Fig. 7.7(a).
There are no redundant states, but a good deal of merging is
possible, and many possible merging patterns exist. The simplest
appears to be that resulting in the map of Fig. 7.7(b) (in which
the merged rows are indicated by letters beside Figs. 7.7(b) and
7.7(a)).
The assignment of secondaries A, B shown beside Fig. 7.7(c)
results in no critical races, so the input excitation map of Fig.
7.7(c) is satisfactory. This can be separated into the two maps of
Fig. 7.7(d), one for each secondary.
Finally, the Z-map is drawn as in Fig. 7.7(e). The stable states
are indicated in bold type; the unstable states are written lightly*
Two unstable states must produce "0" outputs to avoid transient
outputs, two must produce "l"s and four can produce either.
The simplest solution is, of course,
Z=£.
(7.9)
As regards the secondary excitation, three solutions can be
taken from the maps of Fig. 7.7(d).
(a) d.c.flip-flops(upper-case letters with lower-case optional)
SB = xA,
(7.10)
SA = S'xE
RA = RfxB
RB = xÄ.
(b) d.c. feedback paths (all set entries, lower or upper case)
YA = S'xB+AR' + Ax+(AB) = S'xB+A.WrtS,
YB = Ax + Bx + (AB).

(7.11)
(7.12)
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The last terms in each equation are to prevent the static ha
zards arising respectively from® or (§) transferring to 11 or 12,
or from (§) or ® , moving to 13 or 14.
(c) NOR gates (upper-case letters only in complemented
pairs together with complement of pair)
YA = Ä+R'xB.

YB = B+xÄ,

YÄ = A+xES'.

YB = B+xA

The three resulting circuits are shown in Fig. 7.8. Many vari
ants of each can, of course, be found. The question as to which
is the most economical circuit is not considered here. Note that
circuit (b) functions properly with all gates drawn as NAND gates.
A similar circuit using all NOR gates is, of course, possible (see
problem 7.5).
Another example of sequential circuit design is given in Appen
dix C.
Minimization
The purpose of eliminating redundant rows in a sequence map,
and of merging compatible ones, is, of course, to reduce the num
ber of secondaries in a circuit to a minimum, so that hopefully
the circuit will cost less to build. Now, as we have seen, seconda
ries can be triggered flip-flops, master-slave flip-flops, d.c. flipflops, switches or simply d.c. feedback paths. The cost of each
type of secondary depends, of course, on the method of construc
tion, but in general it is evident that the secondaries just listed
are in the order of decreasing cost. On the other hand, again as
we have seen, the number and complexity of the combinational
Fio. 7.8. Three versions of the level-sensitive J-K flip-flop, (a) A mas
ter-slave form using AND gates and two R-S flip-flops; (b) with mini
mal number of d.c. feedback paths as secondaries, using three inverters,
five AND gates and two OR gates; (c) with redundant secondaries, Ä
and B, as complements of A and B, using six NOR gates and two AND
gates.

B=Z

S'O

-o

RO-

B
-O

χθ-

(GÌ

Ro-

S'o-

-*

oZ

(b)

B=Z

xoi
(C)
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circuits associated with the secondaries tends to increase as the
complexity of the secondaries decreases, so that economies in the
type of secondary used may well result in an overall increase
in cost. Whether or not this is the case can always be tested,
however, by designing for each type of circuit and by counting
the components.
There are more serious problems, however.
(a) By not minimizing the number of secondaries, the number
and complexity of combinational circuits can sometimes be con
siderably reduced.
(b) At the secondary assignment stage in sequential circuit
design, the rows of the merged sequence map are assigned to
secondaries so as to avoid critical race conditions. It is evident,
however, that in general several possible, race-free assignments
exist and that they will lead to differing complexities of combina
tional circuitry.
(c) The avoidance of critical race conditions by ensuring that
secondaries change state one at a time is a sufficient precaution:
but it is not a necessary one. If two secondaries change state
together but do not interact or affect another circuit immediately,
then no harm is done (for example, in parallel shift registers; see
Appendix C).
There is as yet no clear cut method of arriving at minimal cir
cuits in which the number of secondaries is not minimized, which
have the optimum state assignment and in which race conditions
are allowed in a harmless manner. Indeed, at present, deliberate
attempts to minimize a sequential circuit by using these extra
freedoms usually results in extra complexity. The guide to circuit
economy in general is still largely dependent upon the insight
of experienced circuit designers.
Nevertheless, there are aspects of the design process which
can be optimized in a useful and determinate manner, given cer
tain premises, two of which will now be discussed. The first
concerns the use of modified flip-flops instead of R-S flip-flops
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in circuits whose logic has already been settled. The second con
cerns the minimal realization of combinational circuits using
NAND or NOR gates given only uncomplemented inputs (A, B, C,
etc., without in addition Ä, S, C9 etc.).
The Use of Modified Flip-flops
By using the modified flip-flops described in Chapter 5 as
secondaries in sequential circuits, it is possible to simplify the
associated combinational circuits. Even though the flip-flops
themselves may be more complex, the economies in the gating
arrangements may more than offset this extra cost. How to
adapt the Karnaugh maps (to which sequential circuit designs
can always lead) for use with modified flip-flops, will now be
discussed.
When the input excitation maps obtained in the foregoing
examples are separated so that there is one map for each flipflop (e.g. Fig. 6.6(f)) each element of each map contains only one
letter S, s, R or r (or blank) which means that either one logic
input or the other or neither is excited. The presence of only one
entry per element of the map ensures that the indeterminate
state of the R-S flip-flop (with both inputs excited) cannot occur.
But each of the modified flip-flops described on p. 131 will
give a specific output with both inputs excited, so it is possible
to modify the maps in accordance with the properties of each
modified flip-flop and thus make use of these properties. In
general the procedure only involves substituting a double-letter
entry, SR, in place of some of the single-letter entries, implying
that both logic inputs of the flip-flop should be excited together.
The advantage of so doing is that the groupings of letters in the
map, to form Boolean equations may be simplified. We will con
sider each type of modified flip-flop in turn, but it should be
recalled that the J-K, T and E flip-flop in d.c. form require
master-slave configuration.
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1. Flip-flops with Two Logic Inputs
(a) The J-K flip-flop. The J-K flip-flop changes state (in
either direction) when both inputs are excited together. This
means that any upper-case letter (S or R) in the map can equally
well be written as a double-letter, RS, entry implying the excita
tion of both inputs. The simplification which can be achieved
depends upon the type of map involved.
>\

θ
r

of
<l·

s R r

r

s S
s r

(a)

s R r

°( RS RS
J\ R
S

S s R S
S R
r R

A

E

c

flip-flop B

s RS RS
s S
s

r

(b)

Fio. 7.9. An input excitation map. (a) For an R-S flip-flop; (b)
modified for a J-K flip-flop.

Figure 7.9(a) shows a map to which' the J-K flip-flop is espe
cially suited, and eqns. (7.14) show the flip-flop excitation for
this map when R-S flip-flops are used :
SB = BD,
(7.14)
RB = ABC+ABC.
The optimal modifications to this map for a J-K flip-flop are
shown in Fig. 7.9(b) in which two R's and two S"s have been
changed to RS's. The groupings of 5"s and JR'S are now simpler
and lead to the simpler Boolean input excitation expressions of
eqns. (7.15).
SB = D,
(7.15)
RB = ÄC+AC.
For J-K flip-flops to lead to a simplification in the excitation
equations, as compared with an R-S flip-flop, the capital letter
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entries in the original map must be in horizontal and vertical
arrays and intermingled with lower case entries. Without the
lower case entries the Tflip-flopachieves greater saving than the
J-K flip-flop (see below, p. 182).
(b) The E flip-flop. The E flip-flop remains in its previous
state if neither logic input is excited or if both are excited. Thus
each lower-case letter in a map can be replaced by an SR entry
without changing the function of the circuit.
B
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flip-flop A
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S RS R s
RS S s R
S r R RS
r

S RS R

(c)

FIG. 7.10. An input excitation map. (a) For an R-S flip-flop; (b), (c)
modified for an E flip-flop.

Simplification can often be achieved by changing some of those
lower case entries in a map which are in any case included in the
groupings for the set or reset input equation. The E flip-flop
offers the greatest degree of simplification with a map of the kind
shown in Fig. 7.10(a). The diagonal arrays of S, R entries which
are characteristic of Exclusive OR logic also suggest the use of E
flip-flops. The equations for an R-S flip-flop are
SA = C(BD+BD) +C(BD+BD),
RA = C(BD+BD) + C(BB+BD).

(7.16)
(7.17)

With some lower-case entries rewritten as RS, as in Fig. 7.10(b),
the excitation equations become
SA = C(BD+BD) + C(BD+BD),
RA = A,

(7.18)
(7.19)
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or alternatively, as in Fig. 7.10(c), they become
SA = ÄC+C{BB+BD\
RA = AC+C(BD + BD).
It should also be noted that the Eflip-flopis its own inverse so that
it can easily be used in negative, positive or mixed logic systems,
and that it can both equalize and reduce the length of the set
and reset Boolean equations.
(c) The S flip-flop and the Rflip-flop.The set biased or reset
biased flip-flops each offer half the advantage of the J-K flipflop. The S flip-flop will set if both inputs are excited or if only
the set input is excited. Thus any capital S entry in a map can be
rewritten as an SR entry. Similarly, for the reset biased flip-flop
any R entry can be rewritten as RS.
2. Single-input Flip-flops
In a similar manner it is possible to read the excitation map to
determine the inputs to the "Γ" and "Z>" flip-flops.
The T flip-flop. The T flip-flop has only one logic input,
and the circuit always changes state when this input is excited.
Thus if Y is this single input any capital letter entry, either R or
S, can be rewritten as a Y input to a T flip-flop.
Figure 7.11(a) shows the kind of circuit for which the T flipΘ
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flip-flop A

FIG. 7.11. An input excitation map. (a) For an R-S flip-flop; (b) for
a rflip-flop.
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flop has most to offer. Its revised form for T flip-flops is shown
in Fig. 7.11(b).
SA = ÄBD+ÄBD
S flip-flop,
(7.20)
RA = ABD+ABD
Y = BD+BD
Γ
flip-flop.
(7.21)
Notice that a Tflip-flopcan be constructed by connecting the
two inputs of a J-K flip-flop together, though there are cheaper
ways.

}«-

The Delay Flip-flop (D)
The Dflip-flophas the same logical behaviour as an ideal switch
(i.e. its output becomes a replica of its input) except that any
output change involved is delayed until the voltage level of the
clock pulse changes. Thus every set entry (S or s) in the map must
be regarded as a necessary input to it, and be grouped to form
the Boolean excitation equations for the single input, Y, to the
flip-flop.
The Dflip-flopis ideal for shift registers (see p. 195) and offers
gating economies when the set entries are conveniently grouped
and when the lower case ones would in any case be grouped with
the upper case ones. Figure 7.12 shows an example of a map for
which the D flip-flop is particularly suitable. The Boolean equa
tion for the Reset input to the R-S flip-flop is simply eliminated.
SA = ÄB+CD 1
(7.22)
RA = AC+AD J S,
"
ÄB+CD.

i
C

V

r
S

(7.23)

e /\
s R R
s s s
s R R
s R R

flip-flop A

Fio. 7.12. An input excitation map suited for use with a D flip-flop.
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Similar techniques can be deduced for interpreting the Kar
naugh maps as input excitation to other types of modified flipflops, such as the R-S-T, but these will not be investigated further
here.
This section has shown that by selecting suitable modified
flip-flops, economies in combinational logic circuits can be real
ized. In more complex systems than the examples shown here,
the economies can be considerable. As to which are in practice
the most generally applicable is not yet known. The penalty
for choosing a modified flip-flop is that it may be more expensive.
Nowadays, however, J-K flip-flops are being widely used and the
price differences are becoming marginal.
Finally, it should be pointed out that any two-inputflip-flopcan
always simply replace an R-S flip-flop, without changing the
input logic. But the converse, obviously, is not normally true.
Map Factoring
When using NOR or NAND logic advantage can sometimes be
taken of their inverting properties in order to reduce the number
of gates involved in realizing a particular Boolean function.
Suppose inputs A9 B and C are available and the following
Boolean function is to be realized using NOR gates only:
Z =-- BC+BÄ = (B+Ä) (B+ C).

(7.24)

Using the method described on p. 97, five NOR gates will be
required as shown in Fig. 7.13(a). A similar circuit using five
NAND gates can also be constructed. In either case two gates are
being used simply as inverters to complement A and B9 and it
might be asked whether a different arrangement could be devised
which uses fewer gates whilst still using only uncomplemented
inputs. In fact such an arrangement is possible, as shown in Fig.
7.13(b). One method of deriving this circuit is known as map
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factoring, and will now be described. (For more detailed studies
of this method see Maley and Earle.(18))
The procedure for design using NOR gates is not quite the same
as that using NAND gates, but the similarity is so great as to be
quite confusing when learnt together; consequently the tech
niques to be described will involve only NAND gates in the map
CO-

C+ B

°ΤΊ1^"

[+>

Z= BC + AB

l/B+Ä
(a)

CO

) \ Ç ( A + B)

Ao
B

t

BC + AB
Β(Α+Β)Γ

(b)

FIG. 7.13. (a) A simple method of realizing the function Z=BC+AB
using NOR gates; (b) a more efficient circuit.

factoring stage. The adaptation of the same technique to the
design of NOR gate circuitry will then be explained.
The fundamental "element" of the minimized NAND gate
circuit is a three stage circuit, an example of which is shown in
Fig. 7.14(a). In this circuit the output is
Z = CÄ+CB = C(Ä+B) = CAB

(7.25)

and is shown by the Ps in the map of Fig. 7.14(b). But this pattern
of Ps can be regarded as the whole group C inhibited by the
smaller grouping AB, as indicated in Fig. 7.14(b). The group
ing C is shown dashed and the inhibiting function is shown by
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crosses. This idea of expressing Boolean functions as larger
groupings of uncomplemented inputs (C in this case), inhibited
by smaller groupings of uncomplemented inputs, is at the heart
of the map factoring method.
The circuit is then built up from this inhibiting interpretation
by
(a) applying the inhibiting function (which must be in product
form) to thefirststage of the three stage circuit;
(b) applying the inhibited function (which must again be in
product form) direct to the second stage;
(c) taking the required output from the third stage.

Z * C ( Ä + B)
(b)

FIG. 7.14. The use of a NAND gate as an inhibitor in the realization of
Boolean functions with NAND gates. Thus Z is C inhibited by AB.

In so simple a problem the third stage is serving only as an
inverter. In more complex circuits it serves to combine several
"factored" parts of the map to form the required overall output.
The technique therefore consists of factoring the required
function into parts each of which can be realized by a function
inhibited by another function, both of which are, asfar as possible,
AND functions of uncomplemented inputs.
Consider the example of Fig. 7.15. The map of Fig. 7.15(a)
shows the Boolean function
Z = ABC+BDC+ÄCD+ABD.
Using the technique described on p. 96 this function would
require nine NAND gates, four of which are used simply to comple
ment inputs A, B, C and D.
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This function can be "factored" as shown in Fig. 7.15(b),
by picking out those parts of the function which can be synthes
ized as just described. Thus
P = A inhibited by ACD and by B,
g = BD inhibited by ACD,
R = CD inhibited by ACD.
B A

®

@

B A

Θ A

X |X I I

X HX 1 I

x llxlx

XX

X X I

®
Θ A
f >*«v\

E 1 X 71

(b)

(a)

BoJ^>-

Inhibiting functions

Cc

DC

(c)

FIG. 7.15. Map factoring to realize a particular function Z using only
NAND gates.

Both the inhibiting functions and the inhibited functions are
AND functions of uncomplemented inputs. Note that in this case
the inhibiting function ACD is common to each part of the cir
cuit. This, of course, is exceptional, but it serves to illustrate the
value of finding such functions.
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It is now clear that the circuit can be built up as in Fig. 7.15(c)
since thefinal(third stage) NAND gate forms the function PQR =
P+Q+R. This uses only six NAND gates.
NOR Gate Circuits
Not all Boolean functions are as convenient to synthesize using
gates as this one is. This point can be illustrated by synthe
sizing the same function using NOR gates.
Since NOR gates are the complements of NAND gates it is evi
dent that a NOR gate circuit with output Z can be formed by
NAND

(a) synthesizing the complement of the required output (i.e.
Z) using NAND gates and only complemented inputs;
(b) inverting all inputs and changing all NAND gates to NOR
gates.
The output will now be Z.
Consider again the function expressed in the map of Fig.
7.15(a). The complement of Zis shown in the map of Fig. 7.16(a).
We now have to factor this map using only AND functions of
complemented inputs, inhibited if necessary by further AND func
tions of complemented inputs. This is shown in Fig. 7.16(b).
P = D inhibited by AB,
Q = ABC,
R = ACD.
This time it is not possible to achieve the ideal functions. The
inhibitor of P contains an uncomplemented input, whilst R con
tains three uncomplemented ones. The reason for this is, of
course, that R contains the element ABCD, and so no function
of complemented inputs can contain it, inhibited or not.
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It is also worth noting that R could be regarded as CD in
hibited by Ä, or as AD inhibited by C or as AC inhibited by 25.
But these are all the same in their use of gates as is ACD. This
illustrates the point that efficient inhibiting functions involve
multiple inputs to the inhibiting gates.
B

A

P

R

I

Ί

Q

1 I 1<J)

1 <Ί + Γ l
H
i
1 Γ)<J 1

ΕΠ

i h

π Γ

(a)

(b)

Inhibitors

R

Γ "1

1 m

<c)

FIG. 7.16. Map factoring of Z to achieve the same function, Z, as in
Fig. 7.15, but using only NOR gates (see text).

To implement this design using NOR gates, the circuit is now
drawn as Z/NAND gates were involved; but the gates are labelled
NOR gates and all the inputs are inverted so that they are now in
uncomplemented form. This is illustrated in Fig. 7.16(c). This
time the circuit requires eight gates, a saving of only one com
pared with the direct method of design.
The worst Boolean term from the point of view of NAND gate
construction is ÄECD on its own (i.e. adjacent to no other terms).
The worst for NOR gate construction is ABCD adjacent to no
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other terms. In either case no reduction of gates below the num
ber involved in the direct design method is possible.
Finally, it is left as an exercise to the reader to verify first
that the circuit of Fig. 7.13(b) is an implementation of eqn. (7.24),
and second to realize eqn. (7.24) using NAND rather than NOR
gates.
Problems
7.1. Design a decade counter using Reflected Excess 3 code and (a) using
pulsed R-S flip-flops, (b) using pulsed E flip-flops to remove fan-in's of 3
or more.
(Ans.: (a) SA
RA
(b) SA
RA

=
=
=
=

ED+ BCD, SB = AD, Sc = B,
SD =
BB+BD, RB = AD, R0 = ÄBD, RD =
AC,
SB = AD, Sc = B+A, SD =
EB+BD, RB = AB, Rc = BD,
RD =

ÄB,
C.
ÀB,
C.)

7.2. Design a scale of 3 counter using level sensitive circuits (i.e. to detect
the sequence x, x, x, x, x, x) in which the state of assignment of the three
secondary circuits are (for states 0 to 5) 000, 001, 011, 010, 110, 100;
(a) using d.c. flip-flops, (b) using d.c. feedback paths as secondaries.
(Ans.: (a) SA
RA
(b) YA
YB
Yc

= xBC, SB = xC, S0 = xÄB,
= xB, RB = xA, R0 = xB.
= AB+xA+xBC,
= xC+AB+xB,
= xAB+CB+xC.)

7.3. Repeat problems 7.2 with the following assignment of secondaries;
100, 110, 111, 011, 001, 101.
(Ans.: (a) SA = xB, SB = xC, S0 = xB,
RA = xBC, RB = xÄ, Rc = xAB.
(b) YA =
xA+xE+AC+AB.
YB = AB+xB+xC,
Y0 =
xC+xB+Ä+BC.
Note: the last terms in YA, Y0 are to avoid static hazards.)
7.4. A sequential circuit using d.c. feedback path is constructed so that no
race conditions exist in it. The Boolean equation for one secondary is
YA = xA + BC+xC.
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Where might a static hazard occur and what should be added to cure it?
(Draw Karnaugh map.)
(Ans.: ABCx -* ABCx or ABCx - ABCx. Add AC.)
7.5. Using the maps of Fig. 7.7, design a master-slave J-K flip-flop
using only nine NOR gates. Similarly modify the circuit of Fig. 7.8(b) so
that it contains only nine NAND gates.
7.6. A sequence detector has inputs Χ\ι ·*2» ·*3 H*
random order and one
at a time. Design a circuit to give an output when either the sequence xl9
*2> *3 or the sequence JC8, xt, JCX has occurred. (*3, xt can be the end of one
sequence and the beginning of another.) (See Appendix C.)
7.7. Design a level sensitive R-S flip-flop suitable for use in a clocked,
synchronous system (a) in master-slave form (i.e. with two quite distinguish
able flip-flops); (b) as an exercise in level sensitive sequential circuit design.
What is the smallest number of NOR gates needed to construct it (assuming
in (b) that the complement of the output is not needed) ?
(Ans.: In both cases two secondaries A, B are needed.
(a) Master-slave SA = Sx
SB = xA9
RA = Rx

RB = xA.

(Eleven NOR gates needed.)
(b) YA = Sx+AR+Ax

=

(x+A)(S+A)(R+x)

(x+A)(B+A)(B+x)
YB = Bx+AB+Ax =
(Nine NOR gates, including one to invert x).)
Note: As with a J-K flip-flop the circuit can be built with six NOR gates
and two AND gates.
7.8. Repeat problem 7.7 for a delay flip-flop whose logic input is
labelled y.
(Ans.: In both cases two secondaries A, B are needed.
(a) Master-slave
SA = xy SB = xA,
(Ten NOR gates.)

RA — xy

RB — xÄ.

(b) YA = xy+xA + Ay = {x+y){x +
YB = xA+xB+AB

A)(A+y\

= (x+B)(x+A)(A

+ B).

(Eight NOR gates, including one to invert x).)
7.9. Design a circuit using only five NOR gates to realize the function
Z = AB+AD + BC.

CHAPTER 8

Arithmetic Operations
THE arithmetic operations to be discussed here are addition, sub
traction, multiplication and division of binary coded numbers.
Examples of binary and decimal arithmetic are shown below.
Division is treated separately on p. 202.
Addition

Sum = X plus y»
binary
X 11101
plus Y 10110
Carry 111
Sum

Subtraction

110011

decimal
29
22
1
51

Difference = X— Y = X plus 7 plus 1

Either:
Borrow
X
-Γ

22
11101
10110

29
22

Difference 00111
Or
X
11101
7
01001
Carry plus 1
11 1

7
29
77
1

(1)00111

(1)07

t In this chapter the symbol 4- is still reserved for the OR function. The
arithmetical operation of addition is written out as plus each time it is needed.
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Multiplication

X
XY

11101
10110
11101
11101
11101
1001111110

29
22
58
58
638

The processes of addition and multiplication are both very
similar to our customary decimal operations. In subtraction, how
ever, our usual technique of "borrowing" is not as convenient
as "carrying" during addition. So in practice in machine arith
metic it is usual to use the second alternative method in which
the subtrahend Y isfirstcomplemented, then 1 is added, and the
sum added to X. The 1 is introduced as an initial carry digit.
The extra digit produced when Y < X (shown in brackets) is
rejected, or carried round as the initial carry digit.
The decimal equivalent is to obtain the "nines complement" of
the subtrahend (i.e. replace each digit y by 9—y) and add it to
Xplus 1. Again the extra digit (a "hundreds" unit in the example
shown) is rejected to obtain the difference X— Y. (Some ma
chines perform calculations using simple binary code for each digit
of a decimal number. This is called Binary Coded Decimal coding
or BCD code. When it is used, forming the nines complement in
code becomes an important operation; see p. 98.)
Of course, if Y > X a negative result is obtained by subtraction
and in order to interpret such results it is necessary to define a
system for expressing them. This is usually done as follows. Sup
pose we are working with five bit binary numbers, the method
involves adding a sixth digit, and putting it first. This is the sign
digit. When writing "signed" numbers the sign digit is identified
with a bar over it, but in a machine the sign digit is always recog
nizable simply by being the first in the standard word length.
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The sign digit is normally "0" for positive numbers and "1"
for negative. The code used to express numbers — 1 to —31 can
easily be derived from the rules of subtraction.
Thus to obtain negative numbers, complement each digit and
add 1 to the least significant digit.
Example:

+22=

Ö10110
101001
1

- 22 =

Ï01010

complement
add "1"

The number can be read as —32+10. Thus, 29 — 22 can now be
written
29 011101
plus ( - 2 2 )
IQIOIO
(1)000111 = 7
But 2 2 - 2 9 becomes
22 =
plus ( - 2 9 )

010110
Î00011
Î11001

This is a negative number whose magnitude is 1 plus its comple
ment, namely 7 again.
Thus the magnitude of a negative number is obtained by compiementing each digit and adding 7, so that 22--29 = —7. Note
that the sign digit is included in all operations just as if it were a
number.
Using this scheme positive and negative numbers can be both
added and subtracted using the same machine binary adder.
For all three arithmetic operations we now only need the abi
lity to add, to shift and to complement. With flip-flops the com
plement of a digit is always available. The shifting and adding
functions will now be described.
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The Shift Register
A shift register is composed of a series of pulsed flip-flops (or
master-slave pairs) so arranged that when a clock pulse is ap
plied to them all simultaneously, the setting of each adopts the
previous setting of its neighbour. This is achieved as shown in
Fig. 8.1 using R-S flip-flops. (Using D flip-flops which are parti
cularly suitable for this shifting function, only one logic lead to
each previous flip-flop is needed.)
SAo~

±

Ay
Ä

1

3/

±

B

DC
DC

RAoClock waveform —

FIG. 8.1. A three-stage shift register, using triggered R-S

flip-flops.

The set and reset logic inputs are connected to the two out
puts of the preceding stage. If the outputs of the last flip-flop
(C in this case) are connected back to the inputs of the first flipflop then a Ring Counter is formed and any pattern set up in the
register (by means of the preset inputs, not shown) is recirculated.
Shift registers can be made which shift in either direction ac
cording to a "forward" or "reverse" input voltage level, X. Suppose
a shift register is constructed of delay flip-flops with inputs YA,
Yß> Yc> e t c · Consider the input to B. If YB is preceded by two
stages of logic such that
YB = AX+CX,
then on the arrival of a clock pulse flip-flop B will adopt the set
ting of its left-hand or right-hand neighbour according to the
value of X. Similar equations apply to the other stages of the
register.
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Adders
The full process of addition of two digits consists of two parts.
First, the addition of the two numbers including a carry digit if
there is one; second, the calculation of the presence or absence
of a new carry digit.
Thus an "adder" will have three inputs, the digit inputs A
and B (usually obtained from a pair of flip-flops, one from each
of two shift registers) and (in serial adders) the carry input ob
tained from the output of a single element "carry" register or
"carryflip-flop".It will also have two outputs, namely the "sum"
and the "new value of the carry digit". All possible combinations
of input and output are shown in Table 8.1.
TABLE 8.1. ADDITION OF DIGITS A> B

Outputs
Sum
New carry

A

Inputs
B

Carry

0

0

0

0

0

1

0

0

1

0

0

1

0

1

0

1

1

0

0

1

0

0

1

0

0

1

0

1

1

1

0

1

1

1

1

1

1

1

0

1

(a) Serial Adders
The most straightforward way to realize this process of addi
tion using circuit elements is shown in Fig. 8.2. Each row of
Table 8.1 is represented by an AND gate, four of which combine
to give the sum, and four its complement.
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An inspection of the table also shows that the carry digit only
changes in two circumstances. It sets for ABC and resets for
ASC. In Fig. 8.2 these are the set and reset inputs for a Carry
flip-flop which holds the New carry digit ready for the next
stage of the addition.

Accumulator

R

SUM

Clock pulse

*

'

FIG. 8.2. A simple serial adder.

Now if the inputs to the adder, A, Ä and B9 B are the outputs
of two shift registers, and the outputs from the adder (SUM, SUM)
are the inputs to another register, then a clock pulse supplied
to all the flip-flops will pass the numbers stored in the A, B
registers into the adder and will accumulate their Sum in the
output register, usually called the accumulator. The whole cir
cuit is known as a serial adder.
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This type of adder contains more circuit elements than are
necessary. For example, SUM could be obtained by inverting the
SUM. This would save 3 AND gates and an OR gate. The use of D
flip-flops in the shift registers would achieve the same saving.
<y>) The Half Adder
The usual method of addition involves the use of half adders
and full adders. These are circuits whose function can best be
explained by rewriting the operations listed in Table 8.1 in the
form of Boolean equations.
SUM = ABC+ABC+ABC+ABC
= C(AB+ÄB) + C(ÄB+AB).
New Carry = ABC+ABC+ABC + ABC
= AB+C(ÄB+AB).
The factors in the second line of each equation show that the
full addition process can be realized by two cascaded circuits,
called half adders, each consisting of an AND gate and an Exclusive-OR gate, as shown in Fig. 8.3. (Figure 4.14(a) shows a type
of half adder, the AND output being shown dotted.)
This full adder circuit can now replace the upper half of the
simple serial adder. To drive R-S flip-flops in the accumulator
and in the Carry flip-flop two inverters would also be needed
to complement the SUM and CARRY outputs. For use with D
AB + AB

(Carry)

-oSum

i3_s*

FIG. 8.3. The full adder, comprising two half adders and an OR gate.
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flip-flops in both the registers and the carry flip-flop the circuit
is sufficient on its own. This is also a serial adder.
If the output of the adder is not taken to the input of a third
shift register, but is returned to the input of register A, the sum
of A and B will replace A in the register as the clock waveform
is applied. Thus register A is also the accumulator. This evidently
allows the continued addition of a series of numbers placed suc
cessively in B.
If there are N flip-flops in the B register then one more than
N clock pulses will be needed for each addition, and N plus M
bistable elements will be needed in the accumulator, where M
is the maximum number of additions which the adder is designed
to handle before passing on the SUM and clearing.
The serial adder can be converted into a serial subtractor by
replacing the B register outputs by their complements (i.e. re
place B by B and vice versa on the AND gate inputs in Fig. 8.2), and
by ensuring that the carry flip-flop is set to 1 before each sub
traction, in order to add in the extra 1 as explained at the begin
ning of this chapter. In practice, this occurs automatically if
B < A9 since the rejected digit at the end of the word is left in
the carry flip-flop ready for the next subtraction. Of course,
for subtraction the accumulator must be the same length as re
gister A ; which is bound to be the case if A is also the accumula
tor!
(c) The Parallel Adder (Subtractor)
The serial adder is rather slow since one clock pulse is needed
for each digit of the SUM. If the input registers are arranged as in
Fig. 8.4 then since full adders are combinational circuits the SUM
appears at the Sum outputs. One clock pulse then transfers all
the digits to the accumulator—which may again be one of the
input registers. Note that only a half adder is needed for the
first pair of input digits.
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Input A

Input B

CD

CD

®

CD,

CD

®

IVrJLVn
HOlf

Sum

adder

r/\

New Sum
carry

FU|1

adder

I t/\i
New
carry

1 aFU
"
d d er

etc.

Sum|

FIG. 8.4. Part of a parallel adder using pulsed flip-flops. (Pulse inputs
not shown.) Register A is the accumulator.

Again the circuit can be used for subtraction, with appropriate
minor modifications, in particular the provision of the extra
digit.
Multiplication
The principle of machine multiplication is illustrated by the
schematic diagram of a small multiplier in Fig. 8.5. The three
bit number Α^ΑχΑ^ is to be multiplied by the three bit number
B2B1B0. The accumulator starts with all zeros and will finally
contain the product.
In the accumulator of this multiplier it is convenient to use
flip-flops (preferably delay type) which have two separate logic
and pulse inputs per flip-flop, so that two independent functions
can be performed with each flip-flop. One logic input of each D
flip-flop is connected to the output of the flip-flop to the left of
it, and all associated pulse inputs are driven in parallel by the
train of shift pulses shown in Fig. 8.5(b). Thus the accumulator
can behave as a shift register. The other logic inputs are used to
accept the outputs of the adders and are triggered by the train
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of clock pulses. Since both pulse trains are only effective on their
negative-going edges, it is clear from Fig. 8.6(b) that the two
functions, shift and add, occur alternately.
The multiplier circuit operates as follows. Initially the accumu
lator is at zero, and numbers to be multiplied are held in A
and£.
If 2?o is in state 1, the clock pulse transfers the sum of the
contents of A and of the accumulator S back into S. If B0 is
zero the contents of S are not altered. The shift pulse then shifts
the contents of S and of B one place to the right.
These two operations are carried out alternately M times,
where M is the number of bits which can be stored in the B regis
ter. Each pair of operations corresponds to one row of long mul
tiplication except that each row is added to the previous one as
B* I Bi IB,

A2

A,

A0

Shift c
pulses

κρςρ^Ρ
L· ADDERS

ACCUMULATOR

Clock (
pulses

Carry

I I I II II

I

1 1 I

(a)
Shift pulse

Ί_Γ~ΧΤΠ_Γ77:4

Clock pulses

(b)
FIG. 8.5. A serial multiplier incorporating a parallel adder, (a) The
schematic diagram; (b) the driving waveforms.
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it is generated instead of adding all rows together at the end (as
in the sum on p. 193).
Evidently A0 and Bo are the least significant digits in A and B.
The "carry" is the most significant one in the final answer in the
accumulator. «If A can hold N digits, then S must be able to accu
mulate N plus M plus 1 digits.
Division
Just as multiplication is a process of alternate addition and
shifting to the left, so division is a process of subtraction and
shifting to the right. But there is one important difference. The
sequence of operations in division normally depends upon the
actual values of the numbers involved. Thus at each stage of long
division, if the number to be subtracted is greater than the sub
trahend, we do not subtract, we shift to the right and try again.
In multiplication, on the other hand, the sequence is independent
of the relative magnitudes of the two numbers.
In division, therefore, it is necessary to test for relative magni
tudes; that is to subtract one number from the other, and if the
result is negative to conclude that the subtraction should not
have been done ! Or, rather better, if the result is negative to add
back in again the number that was just subtracted, and then shift
the divisor one place to the right, and try again. The following
example will illustrate the method.
Example:

Divide A = 135 by B = 27.

Or in binary form divide A = 10000111 by B = 11011.
For subtraction we shall need 1 plus the complement of B,
namely 00101.
We should also recall that when subtraction is performed by
adding 1 plus the complement, a positive solution is indicated
by a 1 being carried off the end of the accumulator (and disregard
ed). However, we can now use this rejected digit, to be called
U, to indicate whether or not to add back in the number just

ARITHMETIC OPERATIONS

203

subtracted (i.e. if there is a rejected digit we do not add the divi
sor back in again).
The calculation proceeds as follows:
A
subtract B

10000111
00101

No U
/.add B

10101111, .*. 1st digit of result is
11011
add

add
0

U = 1
Λ shift and subtract B

(1) 10000111
100101
add

U= 1
.·. shift and subtract B

(1) 00011011 .'. 2nd digit of result is
1100101
add

1

11100101 .·. 3rd digit of result is
11011
add

0

No U
/.add B
U= 1
/. shift and subtract B

(1) 00011011
11100101

U= 1

(1) 00000000 / . 4th digit of result is

add
1

There is no remainder so the result is 0101 = 5.
Notice that the first subtraction is performed in the most sig
nificant position, and that subsequent ones are shifted one place
to the right and that whenever B is added back in again it must
be in the appropriate position.—Notice too that the result is
indicated by the value of U at each stage following a subtraction.
The value of U following an addition has no significance in the
result. However, on all occasions that U = 1 the next operation
is "shift and subtract B'\ and whenever U = 0 the next step
is "add 2?". Thus the sequence of events is quite clearly defined.
In practice the subtraction is achieved, and the value of U ob
tained, by combinational circuits. Thus it is not necessary to
store the result and add the divisor back in again if the result is
negative. It is only necessary to inhibit the subtraction and shift
instead. This evidently reduces the number of steps significantly.
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A

Design Consideration for R.T.L
As AN example of the considerations needed to design logic cir
cuits, a simple example will be discussed.
Consider two cascaded stages of R.T.L. as shown in Fig. A.l.
Suppose each transistor has a fan-in of n and a fan-out of m as
shown. What limitations are there on the magnitudes of n and
m consistent with reliable operation?
For worst case design we need to know the range of values
of
^c£(sat)at th e chosen operating current, the maximum value of
F 5£(ON)) the minimum value of ß and the maximum value of IBX.
The equations describing the circuit can be chosen as follows:

Ri
Ri
Ri
■O—Λ/WV
R,

rS' A

f

H

"1
■OE*

FIG. A.l. Two stages of R.T.L. NOR gates.
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(a) With ΤΊ off and IBX negligible, T2 must be bottomed
(A. 1)
Smallest
VCi = Ecc - mhRL.
Smallest

whence

/, =

Vci

~ F * (ON) (max) ,

(Α.2)

J<i

Vci(l+^\

(

=^ + ^ ^

" " ■

(A.3)

To provide sufficient input current to bottom T2:
j
7l =

Vc\ — K B £ ( O N ) (max)

r

= IB+

*
\ (n 1) {

Fi?ir

N

.

Κβ£(ΟΝ) (max) — ^ 5 £

(° > <

R-x
max)

~"

VcE sat

( ) ( min )ì

(A.4)

where in the worst case n—l input resistors obtain their input
voltages from bottomed transistors. The last term implies that
n—l driving transistors all possess the minimum value of VCE(saty
For large values of n this is very unlikely so that for a given con
fidence limit this term can be relaxed.
If IB is to hold Γ2 bottomed, then
1

\j

.

(VBE(ON)

(max) — ^Cig(sat) (min)l

ßmin L

i^i

J

(b) With Ti bottomed and T2 cut off
lj

> IBX + ΊΓ" (PcS(sat) (max) — ^ß^iOFF))· ( A . 6 )

Again, within a specified confidence limit the last term in eqn.
(A.6) can be relaxed owing to the improbability of finding n
"worst" transistors connected in parallel.
The circuit has to be designed to ensure a low enough value of
νΒΕ(ρΈ¥) so that under extremes of temperature, for example,
T2 will remain cut off.
These equations are sufficient to determine m and n for given
limit parameters of the transistor where only slow speed opera
tion is involved (i.e. response times ignored).
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Example: Silicon transistors
Let Ecc = —EBB = 10 V and suppose the circuit is designed
for IL^S mA (so that RL = 2 W) and for a base cut-off voltage
VBE(QFF) ««s 0-2 V. Assume the transistor data to be:
ßmin

=

2 5 for VÇE = VcE(s&t) (max),

VcE(sat) = 0-4 V (max), 0-2 V (min),
VBEÌON) = 0-8 V (max),
IBX = 0.
To begin with, let m = 5. Then, taking the limiting equalities in
eqns. (A.5), (A.6) and using the units volts, kn, mA, we obtain
by eqn. (A.6)

' = η°' 2

10 2

*7

From eqn. (A.5)

or

*Γ·

/B = 0-196+3/25Ä1.

(Α7)

(A.8)

From eqn. (A.3)
v

Vcl =

10ΛΙ+5Χ2Χ0·8

—RI+W—'

,.

(A9)

whence by substituting for Vcv IB and Rx eqn. (A.4) becomes:
10*i+8
-0-196*! = 0-32+0-812/Î.
(A.10)
*i+10
Equation (A. 10) can be plotted as shown in Fig. A.2, curve
(a) and reveals a maximum fan-in of only 4 when * i is about
12 kQ. Tolerances in component values would significantly reduce
this fan-in.
Curve (b) of Fig. A.2 shows the improvement which can be
achieved by putting Rx= °° and accepting fCJE(sat) imin) of 0-4 V
instead of 0-2 V. The fan-in rises to 7 for a fan-out of 5.

APPENDIX A
R.T.L (with fan-out = 5)
fan-in

Clamped
TR.L

fan-in or fan-out

FIG. A.2. The effect of base resistance on R.T.L. (a) Variation of fan-in
when K^(oFF) = °' 2 a n d fan-out is 5; (b) variation of fan-in when
=0'4 V minimum, and fan-out=5; (c), (d)
Rx=°o and V0J
with clamped collector voltage fan-in and fan-out are independent
below their maximum values. The curves show maximum values. The
optimum is near the intersection.

Similar curves can be obtained for different values of fan-out,
m.
The problem with this circuit is that as R\ is reduced in order
to give a larger fan-in, the source becomes more heavily loaded
thus reducing the advantage gained by making R± smaller.
This difficulty can be avoided using clamped R.T.L. as in
Fig. 4.6(b). In this circuit there is a maximum fan-in and fan-out
possible for each value of R±. As Ri increases the maximum
fan-out increases too but the fan-out falls. The values of fan-in
and fan-out for the case of
^ ( O F F ) < 0-2 V

and

VCE(sat) (min) = 0*2 V

are plotted as two separate lines (c) and (d) in Fig. A.2. These
apply to the same conditions as for curve A of R.T.L. At R± =
15 kü both m and n are approximately doubled as compared
with R.T.L.
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An Analysis and Design of a D.T.L R-S Flip-flop
with the Two Levels of Input Gating
THE purpose of this Appendix is to describe the functions of
each part of a flip-flop so that the appropriate value of each can
be calculated. Both a positive logic and a negative logic flip-flop,
using npn transistors, will be analysed since there are important
differences.
The analysis is based on that described by Beaufoy(16) and is
presented here to illustrate how the various parts of a digital
circuit can be designed step by step.
1. The Positive Logic Flip-flop
An example of an R-S flip-flop is shown in Fig. B.l. The
Eccles-Jordan part of the circuit is enclosed in the dashed line
and includes two clamping diodes D± and D2 which prevent the
outputs A, Ä rising above about 6-2 V (in this example). The two
levels of diode logic (which are provided on both sides) are easily
identified. Z>3 and Cs are pulse steering components whose func
tion was explained on p. 121. The purpose of Z>4 and D5 will be
described soon.
That the circuit uses positive logic can be recognized (with an
R-S flip-flop) by finding which input condition does not lead to
a determinate solution. In this case if both SA and RA are held
positive (by the input gates) the application of a negative going
trigger turns off both transistors, causing indeterminancy. There
in

>
M

Z

u

o(£Ì5y)
FIG. B.l. A practical circuit for a positive-logic, R-S pulsed flip-flop with two levels of logic on
each logic input. (Negative-going trigger pulses.)
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fore, the circuit is a positive-logic, R-S flip-flop. The "1" level
is about + 6 V. The "0" level about zero volts.
The circuit will be designed to operate at a clock pulse rate of
100 kc/s. That is tp=h09 ^sec and tpp=9 ^sec and the pulse
waveform is a return-to-zero type, being normally at 6 V but
falling to zero every 10 //sec, as shown in Fig. B.l.
The relevant transistor parameters will be introduced where
appropriate. We will consider germanium transistors of quite low
frequency since the problems are greatest in this case.
Since each parameter of the circuit is somewhat dependent
upon every other a solution can only be obtained in closed form
by setting up and solving simultaneous equations. Since many
of these relations are inequalities such a method is not practi
cable. The design should begin therefore with those components
which are least affected by other parts of the circuit.
We will begin with the bias resistors of the Eccles-Jordan cir
cuit.
(a) The Flip-flop Bias Resistors RBV RB2, RX1> RX2
When 7Ί is cut off RX1 must hold the base of 7Ί reverse biased
despite (i) the cut-off current of 7Ί, (ii) the current in RB1, (iii)
the cut-off current of diode D4.
Thus

V

*om-EB*

^ VcBM-

Rxi

FBCOPP)

+ I B X + I m

RBI

b e l e s s than, say, —0-5 V to provide sufficient
protection against noise, which otherwise might momentarily
forward bias the base of 7Ί. (With silicon transistors Rxx is
not necessary and VB(OFF) can be slightly positive.)
When 7Ί is bottomed, the base current of T± must exceed
^(θΝ)/Αηΐη· T h u s t h e current I1X in RB1 is given by
^B(OFF)

must

/ll

=

6-2— VB(ON)

RBI

^C(ON) ,

ßmin

VB{OS)—EBB

-^jsri
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Since some of the collector current may be demanded when
the transistor is already held bottomed, some of /C(ON> should
be divided by ßs(min),
not by /J(min) (see p. 18). The proportion
can only be estimated at this stage.
Let

/^ATCmax)

= 50

μΑ,

^C£(sat) (max)

==

0*25 V

VBÌOW

=

0-25

ßmin

= 30

/£>4(max) = 5 0 / i A ,

V,

ßsimin)

= 20.

If the circuit is designed for a maximum value of Ic of 10 mA,
and for ^ ( O F F ) = — 0-5 V then putting ßmin = 25 as the ave
rage of ß and ßs
RB2 = RBI ** 10 kD,
RX2 = Rxi ~ 82 kQ.
(b) The Input Capacitor Cs
When the negative going edge of the clock pulse drives the
set input SA9 negatively, the capacitor Cs must (a) remove the
base charge of transistor Γ 3 ; (b) absorb the base current IB
(which would otherwise turn T± on again) until the circuit has
switched and T^ can hold ΤΊ off via the cross coupling circuit.
Under the worst conditions, as we shall see, the collector voltage
of Γ2 may not begin to change until the end of the clock pulse
period tp. Therefore, if Δ Vs is the change in voltage across Cs
as a result of the clock pulse
AVSCS=
=

Now ÖOFF
provided are

ßoFF(max) + ^ / ; .

^C(ON) T C+ÖPC+!ÄS T Ä>

Tc(max)
Tsdnax)
ßmmax)
ß(max)

=
=
=
=

so

if the transistor data

0-020 ^sec
0-80 //sec,
120 pC (for AVCB = 6 V),
200,
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and with

7C(0N)

=

H e n c e ßoFF(max)
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10 mA and IB = 0-4 mA, IBS(maX) = 0-35 mA.
=

600 pC
and AVSCS
= 1000 pC.
Δ Vs is nominally 6 V, but owing to diode D5 (which clamps
Vs at + 1 V) and to loss in other diodes, the change in voltage
across Cs is likely to be more nearly 4-5 V.
.'. Cs % 220 pF.
(c) The Gates
(i) When the voltage of SA is being driven negatively by the
gates, all the OR gate inputs are at zero volts, so that all the OR
gate diodes are cut-off. Thus the current fOUT flowing away from
Cs is given by
(voltage of SA) - EBB
OUT =
5
YnlD
^OR

if there are n OR gate diodes.
In the worst case ID=09 since the current zOUT has to ensure
that at the end of the period tpp, SA will be at or near zero volts;
that is Cs must be discharged from its initial value, just after a
clock pulse, to a final state with almost zero volts across it.
After the clock pulse, when the voltage at pA1 rises to 6 V
again, D3 cuts off so that SA does not normally rise as far as + 6 V,
but to a smaller value depending on the transistor emitter
cut-off capacitance, the capacitance of D3, etc. We will assume
that after the clock pulse SA is at + 3 V.
\fEBB= — 15 V, / OUT is almost constant. Taking its mean value
*OUT

__(15 + 3)+15
ττ^
Z AOR

=

CsAVs

—;

,

tpp

where A Vs is the change of voltage across Cs. If 7Ί is conducting,
VBl is constant, so A Vs % 3 V as just explained.
Thus /OUT ~ 75 μΑ and ROR % 220 kü..
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This current must be available from RB1 as Cs is discharged.
Since in choosing RBl9 a value of ß < ßmin was used this current
can be provided by RB without danger of 7Ί coming out of satu
ration.
(ii) When input SA goes positive, the AND gate inputs are either
already at -f 6 V or are going positive too, so that all the AND gate
diodes are cut-off. Thus the current fIN available to drive SA posi
tive is the current through i? A N D , less that required by i?0R·
If VSA is the varying voltage of point SA
'IN

Ecc —

VSA

^AND

VSA

— EBB

^OR

i IN must remain positive as VSA varies between 0 and 6 V, and
it must be sufficient to charge Cs through 6 V in the interpulse
period tpp. (The initial value of VSA ^ 0 in the worst case.)
During this transition the cut-off currents of all the AND gate
diodes aid iIN> whilst all but one of the OR gate diodes draw current
from it. We will suppose that the net worst case effect is as if
one OR gate diode remained.
A Thévenin equivalent of this gate circuit during positive
transitions is a generator of voltage VT in series with a resistor
RT where by superposition
ECCROR+EBBRANO

— /D^OR^AND

^OR+^AND
RT

=

^OR^AND
^OR+^AND

and the variation of VSA is given by
With
Ecc = 15 V,

VSA=
EBB

Ml-e-'/**c*)·

= - 1 5 V, ID = 50 μΑ, ROK = 220 kQ,

and Cs = 220 pF, a suitable value of i£ AND , to ensure that VSA
reaches 6 V in time tpp is
Ì^AND « 40

Idi.
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Thus /IN is initially about 300 μΑ and falls to 120 μΑ as VSA
rises.
The current needed to hold down one AND gate is the current
through RANO (not reduced by the current through ROK since
all OR gate diodes might be cut off). It is therefore 0-38 mA.
The charging current iIN flows through Cs and Z>5. If Z>4 and D5
were not in the circuit /IN would have to flow in Rxv and RX1
would have to be reduced sufficiently to ensure that this extra
current did not turn 7Ί on during tpp, (that is, by a factor of 5 or
more). This large change would significantly affect RB1, and there
fore Cs and li AND , too, so that the circuit performance would
be seriously impaired. This is the reason for the presence of D±
and Z>5 in the circuit.
(d) The Cross-coupling Capacitor CB2
CB2 has to ensure that T2 is turned on adequately within the
time tp. Thus
d(Vci-VB2)CB2 = Q0K,
where A(VC1— VB2) is the change of voltage across the capacitor
C2. If VB2 was initially reverse biased by 0·5 V, then A(VC1 — VB2)
will be about 5 V taking into account VBE(ow ^cis(sat)> e t c ·
Thus
5C2 = QVD+QB+QVC.
Using the values obtained in (b) and if
QVD

= 50 pC for

C2 = ^

VBE = 0-5 V,

= 84 P F.

(e) The Load Resistor RL1
When 7Ί has been cut-off its collector voltage must rise to 6 V
within the period tp in order that the charge in CB2 will flow
into the base of T2 to turn it ON, Thus there must be sufficient
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current available from R^ to charge both C2 and any stray capa
citance, Cu in 1 /jsec, despite some loss in RB2.
Deriving a Thévenin equivalent of the collector voltage of 7\
Va= VT(l-e-«R*<c*>+c*)),
where
VT =
ECM(RL+RB),
RT = RBRL/(RL+RB),
whence if
CL = 200 pF,
RL2 =

RLI

« 5-6 kÜ,

which means that Kr = 9-7 V and i? r = 3-6 kÜ.
Fan-out
With RLl = 5-6 kii, the current flowing in RL1 when 7\ is
bottomed is evidently 15/5-6 = 2-7 m A. But the circuit is de
signed for a collector current of 10 mA, so that 7-3 mA are avail
able for driving gates.
The current per AND gate is 0-38 mA so that the theoretical
fan-out is 18.
Tolerances
The above first stage calculation has been worked out taking
little account of component tolerances. It should now be repeat
ed adopting the most unfavourable component tolerances. Just
what percentage tolerance for each component should be con
sidered depends upon the system and its economics. The calcula
tions are usually long and tedious though quite straightforward.
Nowadays the task is usually performed by computer and is
beyond the scope of this book. The result of allowing 10% tole
rance on component values is usually a reduction of fan-out by a
factor of at least 2, so that in practice a fan-out of 7 or 8 is to be
expected.
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Discussion
Since the AND gate current is determined by the rate at which
Cs is charged it is evident that if the clock pulse rate were in
creased, the AND gate current would have to be increased and the
fan-out reduced. Indeed, it is generally true that at high speeds
(relative to the capability of the transistor used) fan-out and speed
have to be traded to obtain an optimum system.
Higher-speed transistors (i.e. transistors with smaller g O N and
nee
ÔOFF)
d smaller capacitances Cs> CB so that the same cur
rent levels will achieve faster operation. Indeed CB can often be
omitted.
A better choice of supply voltages, say +20 and —10 V, would
increase Ì£AND a n ^ improve the fan-out somewhat.
A more detailed consideration of some of the limiting condi
tions in the circuit can lead to some further improvements in
design. For example, it is not necessary to turn on the full 10 m A
in Γ2 (part (d) above) in order to reach the new stable state.
However, these details together with the problems of tolerancing
will not be discussed further.
The Negative Logic R-S Flip-flop (using npn transistors)
The circuit is shown in Fig. B.2. As compared with Fig. B.l,
Di and Z>5 are omitted, Cs and Z>3 are interchanged, and the
gates are inverted.
There are three important differences of operation between
this circuit and the positive logic circuit.
(a) In the positive logic circuit the fan-out was determined by
how much current there was available from a bottomed transistor
after the other functions it has to perform were satisfied. This was
because a bottomed transistor held down the AND gate voltage.
Now, however, an AND gate has to be held up by the flip-flop
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0-I5V

^U=1£I»
FIG. B.2. A practical circuit for a negative-logic R-S pulsed flip-flop with two levels of logic
on each logic input. (Negative-going trigger pulses.)
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output; consequently the fan-out is determined by how much
current is available, from the collector load resistor, when the
output transistor is cut off.
(b) Since the discharging and charging currents for Cs flow
through the gates and the clock pulse generator, it is not neces
sary to include diodes Z>4, £>5 to prevent its flowing in the tran
sistor bias resistors Rx.
(c) In the positive logic flip-flop the capacitor Cs had to be
capable of removing ÔOFF a n d °f absorbing the base current
which would otherwise flow into the transistor. Now it must in
addition absorb the OR gate current.
The design now proceeds as follows:
The bias resistor RB and Rx are the same as before and IB
is again 0-4 mA.
The value of Cs turns out to be 220 pF as before, since the
increase due to 7OR is balanced by the fact that A Vs is now more
nearly 6 V since the diodes D5 and Z>4 are removed.
The voltage of SA just after the clock pulse will now be either
about 0 or 6 V depending on whether 7\ is already bottomed or
cut-off.
Thus ROK is given by
*IN

12
CSAVS 1 / f , A
*s s— = —
^ 146 μΑ,
-KOR

Ipp

whence ROK = 82 Idi.
A suitable value of i? AND then becomes (using Thévenin
again) i£AND = 50 Idi.
Thus zOUT falls from about 300 μΑ to about 120 μΑ as VSA
falls. The current necessary to hold an AND gate up is 21 V/
50 kQ = 0-42 mA.
The cross-coupling capacitors are the same as before.
The load resistors must now be as small as possible. When
the transistors are bottomed all the collector current flows in

Ill

APPENDIX B

the load resistors. Thus
ÄL1 = RL2= 1-5 Idi.
When the transistor is cut off and the collector voltage is rising
the AND gate load must not be so great as to prevent the crosscoupling capacitor and the stray capacitance CL from being
charged up within 1 /jsec. This is satisfied with a total AND gate
load of about 4-7 Idi giving a fan-out of about 10 (i.e. 10XRAND
in parallel). Again tolerance considerations are likely to reduce
this by a factor of 2 or so.
Comparison between Positive and Negative Logic Circuits
The saving in diodes D± and Z>5 in the negative logic circuit are
paid for by a smaller fan-out and by an increase in power dissi
pation.
Because the load resistors in the negative logic circuit are so
much less than those in the positive logic circuit, the dissipation
in the circuit as a whole is much greater. Excluding the gates
the dissipations of the two circuits are about 60 mW for the posi
tive logic circuit and 210 mW for the other.

APPENDIX C

The Logicai Design of a Sequence Detector
THIS Appendix is a worked example of the design of a sequential
circuit using several different methods. The purpose is to throw
the differences into clear relief and to compare the simplicity of
the various techniques.
The problem is as follows. A sequential circuit has four inputs:
and a two-level clock waveform P, F, P, P, etc.
Only one x input is present at any one time. The x inputs occur
in random sequence. They change immediately following a change
from P to P in the clock waveform. The sequential circuit is to
recognize (i.e. give an output) when the sequence x2, #3, Xi appears
in the input.

Method 1. Intuitive Design Using Shift Registers
The clock waveform is used to drive two shift registers, one
of two stages, the other of only one stage. The input to the twobit shift register is x2, the input to the one-bit register is x 3 , so
that the sequence x2, XS, X\ can be recognized by means of an
AND gate between the outputs of the two registers and input x^
as shown in Fig. C.l. The circuit operates by delaying x2 by two
bits and x$ by one bit, so that the wanted sequence turns up as
a coincidence.
The delay flip-flops can be either triggered flip-flops (see Fig.
C.l) or level sensitive clocked flip-flops.
223
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Consider particularly the master-slave flip-flop constructed
from NOR gates (see problem 7.8). Each Delayflip-flopof the shift
registers requires seven NOR gates. The final AND gate requires
four more NOR gates (to invert x2, X3 (delayed) and xi and to
combine them for the final output) and one more is needed to
invert the clock waveform, making twenty-six NOR gates in all.

1-4

Clocko-

c

30~

hdH

E4OFIG.

C.l A sequence detector using delay flip-flops as shift register
elements.

Method 2. Triggered or Master-Slave Flip-flops as Secondaries
Using triggered or pulsedflip-flops,the circuit can be designed
according to the method described in Chapter 7.
The sequence diagram of Fig. C.2(a) shows three distinguish
able states: (1) the resting state; (2) registering the arrival of x2;
(3) registering the arrival of x2, *3- Since these states are actually
"next states", and are therefore predetermined during the clock
period prior to their being set up, it is possible to obtain the required
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Γ
Fio. C.2. The design of the sequence detector using triggered or masterslave flip-flops as secondaries, (a) The sequence diagram; (b) the state
assignment map; (c) the state excitation map; (d) the input excitation
map; (e) separate maps for each flip-flop; (f) the resulting circuit using
NOR gates and R-S flip-flops.
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output for one clock period using an AND gate combining
state 3 and input xt, as shown. (It is also possible, but unneces
sary, to distinguish a fourth state registering the arrival of se
quence *2, *3> *4.)
With the state assignment shown in Fig. C.2(b) the output will
be given by Z = Bx^ The state excitation becomes that shown in
Fig. C.2(c), which leads to the input excitation maps of Fig.
C.2(e). No races occur with triggered flip-flops so
SA = X2
SB = XzAB,
. .
RA = Xi+Xi+Bx*
RB = B,
(i.e. grouping the capital letters together with any convenient
lower case ones of the same letter).
The circuit therefore requires only two R-S flip-flops as com
pared with three Dflip-flopsin method 1. (Indeed we may note
in passing that method 1 is equivalent to choosing the state assign
ment 1 = ABC, 2 = ABC, 3 = ABC.)
Using clocked R-S flip-flops with nine NOR gates per flip-flop
(see problem 7.7), five gates to implement eqns. (C.l) and two to
generate the required output, as shown in Fig. C.2(f), involves
a total of twenty-five NOR gates. (Actually one more can be saved
by inverting the clock for both flip-flops with one inverter rather
than one in each.)
The inputs to flip-flops are themselves gates, so it is to be
expected that some further simplification of level sensitive cir
cuits should be possible, as follows.
Method 3. Using dx. Flip-flops or dx. Feedback Paths
We now abandon the use of triggered flip-flops, or their mas
ter-slave equivalents, and regard the clock waveform as a fifth
two-level input to the circuit. Consequently, we must now dis
tinguish between stable and unstable states, each new state being
set up immediately an input changes.
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It is stated that the clock waveform changes from P to P
shortly before an x input changes. Thus the kind of sequence of
inputs to be expected is x± P, (xyP), x2P9 x2P9 (x2P), *zP, X3P9
etc. Those shown bracketed are the brief input conditions occur
ring when the clock has changed state but the x input has not yet
changed.
The behaviour of the circuit can now be mapped as in Fig.
C.3(a). Beginning with stable state © , say, the only possible
change is P to P, producing unstable state 5 which then becomes
stable at © . Now the x input may change, leading via 6, 7 or 8 to
@, © or ®. When P changes back to P, JC'S do not change and

®> ®> © or ® l ead back to ®> @> ® 0Γ ®·

When the circuit is in state © a change from x2 to x3 is the
beginning of the required sequence and another stable state ©
must be set up. The remainder of the required sequence is speci
fied in the bottom four rows of the map. The required output
comes from stable state @.
This sequence map can now be merged according to the letter
ing beside the map as shown in Fig. C.3(b). One race condition
appears in column Px2, but it is non-critical and can be resolved
either by a cycle through ABx2 or by leaving it as a race but spe
cifying the excitation required in element ABx2. The latter is
slightly simpler in this case. The final input excitation maps for
the two secondaries are shown in Fig. C.3(d) and lead to the
following equations. The output is given by
Z = xiBP.

(C.2)

(a) For d.c. R-S flip-flops
SA = Px2
SB = FxaA
. (C.3)
PA = Xi+x* + Fx2+Px3B RB = X1 + X2+PxaÄ+Fxe
No static hazards occur.
Using NOR gates only again, we can count two per flip-flop
and thirteen to implement eqns. (C.3) as shown in Fig. C.3(e).
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Generating the output Z = BPxt requires three more NOR gates,
making twenty in all.
(b) For d.c. feedback paths
YA = Pxt+PxïA + XiAB+ixxXéABP), 1
(C4)
YB = PxzA+PxzB+(XVC2ÄBP)+{xzAB).
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FIG. C.3. The design of the sequence detector using level sensitive cir
cuits. (a) The sequence map (an x input changes shortly after the clock
waveform has changed from P to P); (b) the merged state excitation
map; (c) and (d) the input excitation maps.
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The terms in brackets are to prevent static hazards, they are
derived as follows. Static hazards can occur when the state of
secondary should not change even when an input does change,
and they arise because a hiatus between the two states of an in
put may exist. Thus in this case there may exist brief intervals
of time when P=P=0 or when one x input has gone off and no
other x input has come on. These hazards can be recognized in
Karnaugh maps, for which the Boolean groupings of inputs have
been selected, by noting those changes in state of the circuit which
involve a secondary remaining in the "/" state and which involve
transferringfrom one Boolean grouping to another. Thus only lower
case s's are involved.
In this problem circuit transitions which involve transitions
from one lower case s to another are, for secondary A
(i) ® to ® via 10,
(ii) ® to ® ,
(iii) 6 to ® .

FIG. C.3. (e) the gates for the inputs to R-S flip-flops constructed
from NOR gates.
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These can be found by comparing maps 3.C(d) (for secondary
A) and 3.C(b).
Of these transitions only © to ® is hazardous. It involves
leaving grouping Px2 and entering x3AB. Evidently, if for a mo
ment x2 has dropped to zero and x3 has not yet risen to the " 1 "
state YA = A will drop to zero, so that x3AB will never rise as it
should. The last term added to eqn. (C.4) for YA places this
particular transition in one new grouping.
In the case of secondary B, the hazardous transition is ® to 11.
But note too that the grouping (x\x2ÄBP) includes the element
XiPÄB, in a hazard-free grouping. The grouping x±PB is a sim
pler term which also includes element x^PAB, but it leaves the
transition @ to @ hazardous and is not therefore used.
Now realizing eqns. (C.4) in NOR gates, by map factoring, for
example, involves manipulation of seven Boolean variables which
is beyond any technique discussed in this book. Even to use
the simple technique described in p. 96 is too difficult. We should
put eqns. (C.4) in the form of the product-of-sums rather than
the sum-of-products, but we cannot do this with seven variables.
However, one technique, which in general is not so efficient.
remains to us; to generate A and then invert.
Using de Morgan's theorem
7A = (P+X2)(P + Xa + Ä)(xZ + Ä+B)(x1 + Xi +

Ä+B+P).

This now requires nine NOR gates, one for each bracket, one
to combine the brackets to produce YA = Ä, one to invert this
output to produce A and one each to invert P, x2 and x3.
Similarly
¥B = (P+xs+Ä)(F+xz+B)(xz

+ Ä+B)(x1 + x2+A + B+P).

This requires five more NOR gates. Three for the brackets not
already generated in 7A, one to combine them and one to in
vert B.
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Finally, three more NOR gates are needed in order to give the
output, Z = XiPB (one to invert x^9 one to generate the function
Z = (JC4 + P + 5 ) and one to invert Z).
Thus the total is now seventeen NOR gates (with a maximum
fan-in of 5).
Thus by progressively simplifying the type of secondary used
we have reduced the number of circuit elements involved, but
have considerably increased the complexity of both the design
procedures, and the interconnections between NOR gates. As to
which is in the end the most economical is a question which can
only be answered in the context of a particular production situ
ation.
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